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Spin-base invariance of Fermions in arbitrary dimensions
Stefan Lippoldt
Theoretisch-Physikalisches Institut, Friedrich-Schiller-Universität Jena, Max-Wien-Platz 1, D-07743 Jena, Germany
The concept of spin-base invariance is extended to arbitrary integer dimension d ≥ 2. Explicit
formulas for the spin connection as a function of the Dirac matrices are found. We disclose the hidden
spin-base invariance of the vielbein formalism and give a detailed motivation for this symmetry from
first principles. The common Lorentz symmetric gauge for the vielbein is constructed for the Dirac
matrices, even for metrics which are not linearly connected. Under certain criteria, it constitutes
the simplest possible gauge, demonstrating why this gauge is so useful.
I. INTRODUCTION
Gravitation is unique in many ways. Especially, the
quantization of the general theory of relativity seems to
be rather different from the quantization of the stan-
dard model of particles and forces [1]. Currently, there is
no consensus about the ultraviolet completion of gravity
on the theoretical side. Of course there are many ap-
proaches [2–11] using very different fundamental degrees
of freedom. Whatever the correct ultraviolet description
of gravity may be, it has to accommodate the other in-
teractions and matter degrees of freedom – in particular
fermions [12–16]. The two most common variables for the
gravitational field are the metric gµν and the vielbein e
a
µ
related by
gµν = e
a
µ e
b
ν ηab. (1)
In order to decide which of these classically (infrared)
equivalent parametrizations is realized in nature, we need
to make predictions for their quantum (ultraviolet) be-
havior and compare these to experiments. Unfortunately
so far we have only experimental access to the non-
quantum regime of gravity. Hence, even if we had a
complete theory of gravity, we were not able to decide
whether classically equivalent theories are describing our
world properly also for high energies or not.
In this work, we want to review a common line of rea-
soning that suggests that the mere existence of fermions
should give preference to vielbein based theories of grav-
ity. It goes as follows: As gravity is encoded in the
spacetime curvature and matter is fermionic we need to
describe fermions in curved spacetimes. According to
textbook knowledge the coupling of fermions to curved
spacetimes makes the introduction of a vielbein neces-
sary [17–20]. Since the metric can be constructed from
the vielbein, it is now tempting to argue that the vielbein
language is at least better adapted to the description of
fermions.
Surprisingly the common practice is to first write the
action in terms of the vielbein, and then reexpress the
vielbein as a function of the metric with the help of
some gauge-fixing condition. While this is perfectly valid
for classical dynamics, this is somewhat irritating for a
quantum theory. If the vielbein was a fundamental vari-
able, then the path integral measure De should be de-
fined in terms of the vielbein degrees of freedom. If so,
one would have to take into account a nontrivial Jaco-
bian coming from the variable transformation De to Dg
(not to be confused with the Faddeev-Popov determinant
from the gauge fixing). This Jacobian is usually disre-
garded. Meanwhile, there are indications that a pure
vielbein quantization will have at least quantitative dif-
ferences compared to the case where one reexpresses the
vielbein as a function of the metric [5].
In fact, it is by no means obvious that one has to in-
troduce a vielbein in order to describe fermions in curved
spacetimes at all. In this work, we demonstrate that the
introduction of a vielbein (or something similar) can be
avoided completely in a very natural way. In the follow-
ing we aim at working out the ideas from Schrödinger
[21], Bargmann [22], Finster [23] and Weldon [24] on
a spin-base invariant formulation of fermions on curved
space. Especially we extend our earlier work [25] to arbi-
trary integer dimensions d ≥ 2.1 Even though the spin-
base invariant formalism has quite some advantages com-
pared to its vielbein counterpart, it is rarely used in the
literature [26–32].
Let us start our considerations with the following ob-
servation concerning the Dirac matrices γµ. The Clifford
algebra
{γµ, γν} = 2gµνI (2)
by construction is present in any description of Dirac
fermions. We treat this relation as a fundamental equa-
tion, valid in the classical as well as the quantum regime.
This suggests to construct everything we need for the de-
scription of fermions in curved spacetimes in terms of the
Dirac matrices γµ. Since the metric is also determined
by the γµ it is tempting to use them as the fundamental
variables of gravity. If we now aim at a functional inte-
gral over the Dirac matrices the metric arises naturally
as the only relevant degree of freedom [25]. To see this
we have to keep in mind, that we cannot integrate over
arbitrary γµ, but they have to satisfy a Clifford algebra
at every spacetime point. The most general infinitesimal
variation δγµ of the Dirac matrices (one integration step
1 The one dimensional case is structurally different from all other
dimensions. This is mainly because in irreducible representation
the Dirac matrices do not satisfy tr γµ = 0.
2within a path integral) can be decomposed as
δγµ =
1
2
(δgµν)γ
ν + [δSγ , γµ], tr δSγ = 0. (3)
In d = 4, this has been shown by Weldon [24]. A gen-
eral proof for arbitrary integer d ≥ 2 is given in App. A.
Here δgµν corresponds to a metric fluctuation and δSγ
to a spin-base fluctuation.2 Note, that this is a one-to-
one mapping. In other words, given an allowed varia-
tion of the Dirac matrices δγµ (compatible with the Clif-
ford algebra), then there is a unique metric fluctuation
δgµν and a unique spin-base fluctuation δSγ , satisfying
Eq. (3). On the other hand for an arbitrary metric fluctu-
ation δgµν and an arbitrary spin-base fluctuation δSγ we
can calculate the corresponding Dirac matrix fluctuation
from Eq. (3). Hence, we can give the restricted integral
over Dirac matrices compatible with the Clifford alge-
bra a meaning by an unrestricted integral over metrics
and spin-bases. As we will argue in favor of spin-base
invariance, the integration over spin-bases turns out to
be just a trivial normalization constant for the path inte-
gral [25], leaving us with a pure metric quantization. We
stress that it is more complicated and inconvenient to
integrate over Dirac matrices in terms of vielbeins. This
is mainly because the vielbein alone does not cover all
possible Dirac matrices. Hence we need some additional
quantity to integrate over. It turns out that this addi-
tional quantity does not form a group. Whereas for the
metric decomposition this additional quantity is the in-
tegration over the spin-base transformations, and hence
forms a group. Details are found in App. B.
In this way the above-mentioned common treatment
of the vielbein as a function of the metric (without keep-
ing the Jacobian) becomes fully justified. In order to
perform the path integral we can choose a gauge for the
spin base, and reexpress the Dirac matrices as a function
of the metric. This procedure leads to the exact same
results as one finds for the reexpression of the vielbein as
a function of the metric, without keeping the aforemen-
tioned Jacobian.
Since the vielbein is not needed at any step in our anal-
ysis we do not recapitulate the well known formulas of
the vielbein formalism. They can be found e.g. in [17–
20, 33]. But we encourage the reader to compare all the
results with the standard vielbein formalism to find that
we are covering the vielbein formalism completely. Addi-
tionally we will comment on the relation to the vielbein
formalism at the appropriate points.
The paper is organized as follows. In Sect. II, we give a
detailed motivation of spin-base invariance. Particularly
we find a hidden spin-base invariance within the vielbein
formalism. In order to be as comprehensible as possible
2 A spin-base fluctuation δSγ corresponds to an element of the
Lie algebra sl(dγ ,C) of the group of spin-base transformations
SL(dγ ,C).
we summarize our mathematical assumptions in Sect. III.
Sect. IV is devoted to the analysis of the spin metric and
spin connection properties. The constraints of the spin
torsion and an action suggested from the field strength
are discussed in Sect. V. We construct the simplest choice
of Dirac matrices for a given set of backgroundmetric and
full metric in Sect. VI. It turns out that this is exactly
the Dirac matrix analog of the well known Lorentz sym-
metric gauge for the vielbein. Conclusions are drawn in
Sect. VII. We prove the Weldon theorem for arbitrary
integer dimensions d ≥ 2 in App. A. In App. B we show
that it is complicated and inconvenient to integrate over
Dirac matrices in terms of vielbeins. App. C is devoted to
the construction of the minimal group ensuring full spin-
base invariance. Some important identities for the Dirac
matrices are derived in App. D and E. App. F shows the
existence and uniqueness of the canonical part of the spin
connection. The existence and uniqueness (up to a sign)
of the spin metric is shown in App. G.
II. HOW SPINORS TRANSFORM UNDER
COORDINATE TRANSFORMATIONS
In this section we give a motivation for the spin base
invariant formalism. We aim at describing fermions in
a curved spacetime with 1 timelike and d − 1 spacelike
directions. In our conventions the signature of the metric
reads (−,+, . . . ,+). The Dirac structure is introduced
with the Clifford algebra
{γµ, γν} = 2gµνI. (4)
Here gµν is the spacetime metric with the greek spacetime
indices µ, ν, . . . running from 0 to d − 1. The γµ are
complex dγ × dγ matrices, where dγ = 2⌊d/2⌋ and I is
the unit matrix. It is important to note that the Clifford
algebra enjoys an invariance with respect to similarity
transformations γµ → SγµS−1, where S ∈ SL(dγ ,C) [34,
35].
Fermions are then represented as vectors ψ in Dirac
space with dγ components. The corresponding dual vec-
tors ψ¯ are denoted with a bar. The dual vector ψ¯ is
related to the vector ψ via the spin metric h
ψ¯ = ψ†h. (5)
We will give a precise definition of the spin metric later.
For the moment it suffices to know that we need a spin
metric in order to define a product between two fermionic
fields ψ and χ which results in a scalar with respect to
coordinate transformations
ψ¯χ = ψ†hχ. (6)
Additionally we require this spin metric to not introduce
any scale and therefore demand
|deth| = 1. (7)
3As is well known, in flat spacetimes we can choose Carte-
sian coordinates and the Dirac matrices in Dirac repre-
sentation [35]. There the spin metric turns out to be
h = γ0. In other representations of the Dirac matrices
the spin metric is in general not equal to γ0. We will see
how this comes about later on.
First we have to understand what fermions are. From
the view point of a theoretical physicist this means that
we need to know how they transform under which sym-
metry group. Since we deal with curved spacetimes we
have to know how the fermionic fields behave under co-
ordinate transformations. To this end one usually looks
at ψ¯γµψ and demands that this object transforms like a
usual contravariant spacetime vector since the complete
Dirac structure is eliminated
ψ¯γµψ → ∂x
′µ
∂xρ
ψ¯γρψ = ψ¯
∂x′µ
∂xρ
γρψ. (8)
In flat spacetimes where one usually restricts oneself to
Lorentz transformations Λab as coordinate transforma-
tions we are used to a nice property of the flat Dirac
matrices γ(f)
a, namely
SLorγ(f)aS−1Lor = ΛSabγ(f)b, (9)
where SLor ∈ Spin(d − 1, 1) and ΛSab ∈ SO(d − 1, 1)
is the corresponding Lorentz transformation [35]. And
therefore we can write
ψ¯γ(f)
aψ → ψ¯′γ(f)aψ′ != ΛSabψ¯γ(f)bψ = ψ¯SLorγ(f)aS−1Lorψ,
(10)
which suggests that spinors transform under Lorentz
transformations according to
ψ → ψ′ = S−1Lorψ, ψ¯ → ψ¯′ = ψ¯SLor. (11)
But this is rather a group theoretical accident for Lorentz
transformations than a rule for general coordinate trans-
formations which enjoy no such relation. One sim-
ple counterexample is the stretching of one of the axis,
x3 → x′3 = 1αx3. Then the Minkowski metric in d = 4
spacetime dimensions changes to
(ηab) = diag(−1, 1, 1, 1)→ (η′ab) = diag(−1, 1, 1, α2)
(12)
and therefore the transformed Dirac matrix γ′(f)
3
would
have to square to α2I. But this cannot be achieved via
a similarity transformation, since
(Sγ(f)3S−1)2 = I for
all S ∈ SL(dγ ,C). This example illustrates why it is in
general not possible to pass on a coordinate transforma-
tion to a similarity transformation and why we should
start rethinking. We will give an intuitive introduction
to spin-base invariance in the following.
If we perform a general coordinate transformation we
have to transform the metric, unlike for Lorentz trans-
formations, in a non trivial way
gµν → g′µν =
∂xρ
∂x′µ
∂xλ
∂x′ν
gρλ. (13)
Therefore we also have to transform the Dirac matrices
non trivially γµ → γ′µ. Taking the Clifford algebra as a
guideline, we find
{γ′µ, γ′ν} = 2g′µνI = 2
∂xρ
∂x′µ
∂xλ
∂x′ν
gρλI =
{
∂xρ
∂x′µ
γρ,
∂xλ
∂x′ν
γλ
}
.
(14)
This equation implies that
γµ → γ′µ =
{
∂xρ
∂x′µSγρS−1 , d even
± ∂xρ∂x′µSγρS−1 , d odd
(15)
where S ∈ SL(dγ ,C) is arbitrary. The proof of this rela-
tion uses that every irreducible representation of the Clif-
ford algebra for a given metric is connected to each other
via a similarity transformation and in odd dimensions if
necessary via an additional sign change since there are
two connected components [34, 35]. This sign flip has to
be global if we want the Dirac matrices to be differen-
tiable.
We can rephrase our finding Eq. (15) by saying that a
coordinate transformation for Dirac matrices is a combi-
nation of the usual transformation of the vector part ∂x
ρ
∂x′µ ,
a similarity transformation S ∈ SL(dγ ,C) and if neces-
sary a sign flip. But since we still have a solution to the
Clifford algebra if we perform a similarity transformation
or a sign flip on the Dirac matrices we should distinguish
two kinds of coordinate transformations [25, 36].
First we have the usual spacetime coordinate transfor-
mations
γµ → γ′µ =
∂xρ
∂x′µ
γρ. (16)
These transformations change the spacetime coordinate
bases and are called diffeomorphisms. Second we have
the similarity transformations S ∈ SL(dγ ,C) and in odd
dimensions also the sign flip, which are the Dirac (or
spin) coordinate transformations,
γµ → γ′µ =
{SγµS−1 , d even
±SγµS−1 , d odd . (17)
They change the spin bases and therefore we will call
them spin-base transformations in the following.
At the moment the choice of SL(dγ ,C) as the transfor-
mation group3 for the spin-base transformations seems a
little arbitrary. For example we could also takeGL(dγ ,C)
or SL(dγ ,C)/Zdγ . But it turns out that SL(dγ ,C) is spe-
cial. In order to formalize this choice, we have to clarify
what we need from the spin-base transformations.
3 In fact we are dealing with the fundamental representation of
SL(dγ ,C) and not the group itself. But we will keep this termi-
nology in the following for simplicity, as we are working with the
representations of the groups exclusively throughout this paper.
By fundamental representation we mean the defining matrix rep-
resentation of SL(dγ ,C), which is {S ∈ Mat(dγ×dγ ,C) : detS =
1} together with the matrix multiplication as the group law.
4First of all we are dealing with different choices for a
spin-base coordinate system, therefore we need a group
SBmin to connect these. As the different spin bases
are connected via similarity transformations, this group
should be a subgroup of GL(dγ ,C), with the usual ma-
trix multiplication as the group law, SBmin ≤ GL(dγ ,C).
Next we have to ensure that we do not miss any spin
base, i.e. every two sets γµ and γ
′
µ compatible with the
Clifford algebra for a given metric have to be connected
via Eq. (17) where S ∈ SBmin. And finally we want to
keep SBmin minimal in order not to artificially inflate the
symmetry. In other words we have to minimize the car-
dinality of the set {S ∈ SBmin : SγµS−1 = γµ}. In App.
C it is shown that SBmin = SL(dγ ,C) is the unique group
satisfying the preceding conditions.
A general coordinate transformation of the Dirac ma-
trices is therefore given by an independent change of the
spacetime base and the spin base. Here independent
means that we can in principle perform one of them with-
out the other, as long as we stay on one fixed patch of the
manifold. But we have to keep in mind that there might
be some topological obstructions similar to those encoun-
tered in the vielbein formalism. There it can happen that
one has to change the orthonormal frame while changing
the patch on the manifold. For the vielbein this is al-
ready true on the 2-sphere due to the Poincaré-Brouwer
(hairy-ball) theorem. The Dirac matrices on the other
hand do have a global spin base on the 2-sphere, ren-
dering the complete decoupling of spacetime coordinates
and spin bases obvious. A detailed analysis of the situ-
ation on the 2-sphere is given in [36]. Whether a global
spin base exists on all metrizable manifolds is unclear so
far.
Now we can turn back to the question how the
fermionic fields behave under spacetime coordinate trans-
formations and spin-base transformations. For the de-
scription of dynamics we need a kinetic fermion term.
If we additionally want to have covariance we need this
term to be invariant under all types of coordinate trans-
formations. We assume the kinetic term to be of the form
ψ¯ /∇ψ where /∇ = γµ∇µ is the Dirac operator with ∇µ the
covariant derivative. Again we postpone the precise def-
inition of ∇µ, but for the moment it is sufficient to know
that this derivative has to have two important properties.
First if ψ is a fermionic Dirac spinor, then ∇µψ is also
a fermionic Dirac spinor, i.e. it transforms in the same
way under spin-base transformations. And second if ψ
is a spacetime tensor, then ∇µψ is a spacetime tensor
of one rank higher, i.e. the additional spacetime index µ
transforms like a covariant vector index under spacetime
coordinate transformations. At the moment we do not
assume anything about the tensorial rank of ψ.
Since ∇µψ acts exactly like ψ under spin-base transfor-
mations and as a tensor of one rank higher than ψ under
spacetime coordinate transformations, we can investigate
ψ¯γµψ instead of the original kinetic operator, demanding
that it transforms like a scalar under spin-base transfor-
mations and as a contravariant vector under spacetime
coordinate transformations.
The discussion straightforwardly generalizes to
fermions with further internal (flavor, color) symmetries.
As we are dealing with complex degrees of freedom, we
expect to find a U(1) symmetry for ψ¯γµψ. If we dealt
with N families of fermions we would find a U(N) sym-
metry, similar to the gauge symmetries of the standard
model of particle physics. We are going to ignore these
symmetries, as we could always regain them, by adding
a gauge field respectively with an appropriate charge to
the covariant derivative, cf. [25].
The even and the odd dimensional case are structurally
very different therefore we will discuss them separately.
A. The odd dimensional case
First we look at the behavior under spin-base trans-
formations S ∈ SL(dγ ,C). To this end we remind our-
selves that the Dirac matrices and their antisymmetric
combinations form a complete basis in Mat(dγ × dγ ,C),
the dγ × dγ matrices [35]. In the odd dimensional case
we need only the antisymmetric combinations with an
even number of Dirac matrices to decompose an arbi-
trary M ∈Mat(dγ × dγ ,C)
M =
d−1
2∑
n=0
mµ1...µ2nγµ1...µ2n , (18)
with the “coordinates” mµ1...µ2n ∈ C, whose indices are
completely antisymmetrized. The antisymmetric combi-
nations of the Dirac matrices are given by
γµ1...µn =
{
I , n = 0
γ[µ1 . . . γµn] , n ≥ 1 , (19)
where we denote the normalized antisymmetrization with
[. . .], e.g. γµν = γ[µγν] =
1
2 [γµ, γν ]. Since in odd dimen-
sions the basis elements are the γµ1...µ2n , they transform
homogeneously under spin-base transformations because
the possible sign flip drops out. In App. D and E we
have collected some important properties of the Dirac
matrices and the basis elements.
Now we look at the behavior under spin-base transfor-
mations S ∈ SL(dγ ,C) of ψ¯γµψ
ψ¯γµψ → ψ¯′γ′µψ′ = ±ψ¯′SγµS−1ψ′ != ψ¯γµψ, (20)
and demand invariance. Without loss of generality we
make the ansatz
ψ′ = SBψ, (21)
h′ = (S†)−1(B†)−1hCS−1, (22)
where B, C ∈ GL(dγ ,C) are arbitrary invertible matrices.
Note that the invertability of B and C is mandatory be-
cause otherwise we would violate the reversability of spin-
base transformations and they would not form a group.
5Plugging in our ansatz we get
±ψ¯CγµBψ = ψ¯γµψ. (23)
Because of the independence of ψ and ψ† we conclude
±CγµB = γµ. (24)
By multiplying with ± 1dB−1γµ from the right, we can
read off
C = ±1
d
γρB−1γρ. (25)
Inserting this back into Eq. (24) we get
1
d
(γρB−1γρ)γµB = γµ. (26)
If we multiply with 1dγ
µ from the right we infer
(
1
d
(γρB−1γρ)
)−1
=
1
d
γλBγλ. (27)
Therefore we can rewrite Eq. (26) as
γµB = 1
d
(γλBγλ)γµ. (28)
We finally multiply with 1dγ
µ from the left and find
B = 1
d
γµ
(
1
d
(γλBγλ)
)
γµ. (29)
Now we use that we can write B as
B =
d−1
2∑
n=0
bρ1...ρ2nγ
ρ1...ρ2n (30)
and use the identity Eq. (D17) from App. D to calculate
1
d
(γλBγλ) = 1
d
d−1
2∑
n=0
(d− 4n)bρ1...ρ2nγρ1...ρ2n , (31)
1
d
γµ
(
1
d
(γλBγλ)
)
γµ =
1
d2
d−1
2∑
n=0
(d− 4n)2bρ1...ρ2nγρ1...ρ2n .
(32)
Together with Eq. (29) and a comparison of coefficients
we conclude
bρ1...ρ2n =
(
1− 4n
d
)2
bρ1...ρ2n , n ∈
{
0, . . . ,
d− 1
2
}
.
(33)
These equations imply
B = b · I, C = ±1
b
· I, b ∈ C\{0}. (34)
Since Eq. (7) has to be a spin-base independent statement
also
|deth′| = 1 (35)
has to hold. Therefore b is restricted to a U(1) phase
b = eiϕ ∈ U(1). (36)
Summing up, we found ψ → eiϕSψ. The SL(dγ ,C) part
is the nontrivial spin-base transformation, whereas the
U(1) phase is the aforementioned gauge symmetry which
we are going to ignore.
The transformation law for spin-base transformations
S ∈ SL(dγ ,C) in odd dimensions then reads
γµ → ±SγµS−1,
ψ → Sψ,
ψ¯ → ±ψ¯S−1,
h→ ±(S†)−1hS−1.
(37)
Note that the U(1) phase actually would drop out of the
transformation law of γµ and h confirming that this sym-
metry is independent of the spin-base transformations.
Next we investigate the behavior under diffeomor-
phisms. Again we look at ψ¯γµψ and demand that it
behaves like a covariant vector
ψ¯γµψ → ψ¯′γ′µψ′ = ψ¯′
∂xρ
∂x′µ
γρψ
′ !=
∂xρ
∂x′µ
ψ¯γρψ. (38)
Now we can go through the same steps as for the spin-
base transformations and we find that the fermions have
to transform like scalars under spacetime coordinate
transformations again with an additional arbitrary phase
transformation, which we neglect. Therefore we find the
transformation law under diffeomorphisms in odd dimen-
sions as
γµ → ∂x
ρ
∂x′µ
γρ,
ψ → ψ,
ψ¯ → ψ¯,
h→ h.
(39)
An important remark is in order here. Since the Clifford
algebra has two connected components in odd dimensions
we had to introduce the sign flip for the spin-base trans-
formations. This sign flip spoils full spin-base invariance
of a mass term ψ¯ψ, since this sign flip does not drop out
as for ψ¯γµψ. This implies that ψ¯ψ transforms as a scalar
under the continous part Sϕ, but as a pseudo scalar under
the discrete sign flip.
B. The even dimensional case
To find the transformation behavior in even dimen-
sions we proceed in a similar way as for the odd dimen-
sional case. First we introduce the complete basis [35] in
6Mat(dγ × dγ ,C) in terms of the γµ1...µn . Such that we
can rewrite an arbitrary M ∈ Mat(dγ × dγ ,C) as
M =
d∑
n=0
mµ1...µnγµ1...µn , (40)
where the mµ1...µn are the “coordinates” with respect to
this basis, whose indices are completely antisymmetrized.
Additionally we introduce the matrix γ∗ defined in
even dimensions as
γ∗=
i(−i)d/2
d!
ε˜µ1...µdγ
µ1 . . .γµd ≡ i(−i)
d/2
d!
ε˜µ1...µdγ
µ1...µd .
(41)
Here ε˜µ1...µd denotes the totally antisymmetric Levi-
Civita tensor ε˜µ1...µd =
√−gεµ1...µd and εµ1...µd is the
totally antisymmetric Levi-Civita symbol ε0...d−1 = 1.
The most important properties of γ∗ are
{γ∗, γµ} = 0, tr γ∗ = 0, γ2∗ = I. (42)
Again we start with the spin-base transformations and
analyze the behavior of ψ¯γµψ
ψ¯γµψ → ψ¯′γ′µψ′ = ψ¯′SγµS−1ψ′ != ψ¯γµψ (43)
demanding that it behaves like a scalar. We employ again
the general ansatz
ψ′ = SBψ, (44)
h′ = (S†)−1(B†)−1hCS−1, (45)
with B, C ∈ GL(dγ ,C) arbitrary. Following the same
route as before we find
CγµB = γµ (46)
and from there with similar manipulations
C = 1
d
γρB−1γρ, (47)
B = 1
d
γµ
(
1
d
(γλBγλ)
)
γµ. (48)
Here we use the convenient basis γµ1...µn for B
B =
d∑
n=0
bµ1...µnγ
µ1...µn (49)
and calculate with the aid of the identity Eq. (D17) from
App. D
1
d
(γλBγλ) = 1
d
d∑
n=0
(−1)n(d− 2n)bρ1...ρnγρ1...ρn , (50)
1
d
γµ
(
1
d
(γλBγλ)
)
γµ =
1
d2
d∑
n=0
(d− 2n)2bρ1...ρnγρ1...ρn .
(51)
By comparison of the coefficients we can read off
bρ1...ρn =
(
1− 2n
d
)2
bρ1...ρn , n ∈ {0, . . . , d}. (52)
This time the general solution is
B = b1eb2γ∗ = b1(cosh b2 · I + sinh b2 · γ∗),
C = 1
b1
eb2γ∗ , b1 ∈ C\{0}, b2 ∈ C. (53)
Since det eb2γ∗ = 1, the implementation of Eq. (7) re-
stricts b1 to a U(1) phase
b1 = e
iϕ ∈ U(1). (54)
That means by solely demanding that the kinetic term
is invariant under spin-base transformations we have an-
other degree of freedom. We can have not only a phase
transformation eiϕ but also a non trivial chiral transfor-
mation eb2γ∗ .
As usual, the chiral symmetry can be broken explicitly
by a mass term ψ¯ψ. We demand that it transforms as a
scalar under all spin-base transformations since the Clif-
ford algebra has only one connected component in even
dimensions.
If we thus also demand that
ψ¯ψ → ψ¯′ψ′ = ψ¯CBψ != ψ¯ψ, (55)
we find that
CB = e2b2γ∗ = cosh(2b2) · I + sinh(2b2) · γ∗ != I. (56)
Remember that b2 ∈ C. This equation leads to only two
solutions for eb2γ∗
eb2γ∗ = ±I. (57)
The sign ambiguity can be compensated by a phase con-
version,
B = ±eiϕI = eiϕ′I, C = ±e−iϕI = e−iϕ′I, (58)
with an appropriately chosen eiϕ
′ ∈ U(1). Now we can
apply the same arguments as before and ignore the phase
again.
Therefore we conclude that spin-base transformations
S ∈ SL(dγ ,C) in even dimensions act as
γµ → SγµS−1,
ψ → Sψ,
ψ¯ → ψ¯S−1,
h→ (S†)−1hS−1.
(59)
Finally, we investigate the diffeomorphisms by de-
manding that ψ¯γµψ transforms as a covariant spacetime
vector
ψ¯γµψ → ψ¯′γ′µψ′ = ψ¯′
∂xρ
∂x′µ
γρψ
′ !=
∂xρ
∂x′µ
ψ¯γρψ. (60)
7Once again we find the phase transformation eiϕ and the
chiral transformation eb2γ∗ . If we then proceed analogous
to the spin-base transformations and demand that ψ¯ψ is
a scalar
ψ¯ψ → ψ¯′ψ′ != ψ¯ψ, (61)
the chiral transformation turns out to be just a sign
eb2γ∗ = ±I. This sign can be absorbed into the phase
±eiϕI = eiϕ′I, which we drop.
We summarize the behavior under diffeomorphisms as
γµ → ∂x
ρ
∂x′µ
γρ,
ψ → ψ,
ψ¯ → ψ¯,
h→ h.
(62)
In even dimensions it is possible to demand that the
kinetic term as well as the mass term is invariant un-
der all types of coordinate transformations. If we do so,
the behavior under spin-base transformations is given by
Eq. (59) and under spacetime coordinate transformations
by (62).
C. Relation to flat spacetime and vielbein
formalism
To define fermions more formally one usually starts in
flat space with the Lorentz group SO(d− 1, 1) and inves-
tigates its representations. In four spacetime dimensions
fermions are objects transforming under the (12 , 0)⊕(0, 12 )
representation of Spin(3, 1) which is the double cover of
SO0(3, 1). Here SO0(3, 1) is the connected component of
the identity of SO(3, 1). Already on this stage it is appar-
ent that a similar construction for the diffeomorphisms
will be difficult. This is because of two reasons, first the
Lorentz transformations leave the metric invariant and
thus the explicit form of the Clifford algebra. Second the
fermions are not representations of the Lorentz group
SO(3, 1) but of the double cover of the Lorentz group,
which is the spin group Spin(3, 1). One may expect that
something similar, probably more complicated holds for
the diffeomorphisms. In fact Ogievetsky and Polubarinov
found a highly nonlinear way of assigning a diffeomor-
phism to transformations in spinor space [37, 38]. The
standard way, however, to recover the Lorentz group is
by introducing the vielbein, which then has the bein in-
dex carrying the Lorentz symmetry. In order to make
contact with the spin group the flat Clifford algebra
{γ(f)a, γ(f)b} = 2ηabI (63)
is then introduced in tangential space at every point of
the manifold.
We want to stress that spin-base invariance is in some
sense already present in this construction. It is now usu-
ally assumed, that the flat Dirac matrices γ(f)a are chosen
to be the same in every tangential space. But of course
there is no reason to do this, as every point of the mani-
fold has its own tangential space, with its own base.4 If
we allow the flat Dirac matrices to be different at the dif-
ferent tangential spaces, we find the SL(dγ ,C) again as
the corresponding transformation between the different
choices of the bases. We can now observe, that neither
the vielbein e aµ nor the flat Dirac matrices γ(f)a appear
alone in the usual terms of the gravitational and matter
action, it is exclusively the combination e aµ γ(f)a, i.e. the
full Dirac matrices γµ.
5 Therefore it seems rather artifi-
cial to decouple the Dirac matrices γµ into a vielbein e
a
µ
and the flat Dirac matrices γ(f)a.
Finally we can explain what it means that spinors
transform under Lorentz transformations as in Eq. (11).
We have to read this transformation as a coordinate
transformation composed of a spin-base transformation
S = S−1Lor and a diffeomorphism ∂x
′a
∂xb
= ΛS
a
b such that
γ(f)
a→ ∂x
′a
∂xb
Sγ(f)bS−1=ΛSabS−1Lorγ(f)bSLor≡γ(f)a (64)
and
ψ → Sψ = S−1Lorψ, ψ¯ → ψ¯S−1 = ψ¯SLor. (65)
By contrast if we only perform a spacetime coordinate
transformation the fermions do not change. Strictly
speaking there is no sense in saying that fermions change
sign under a spatial rotation of 360◦. The standard sign
change becomes only visible if also the spin base is trans-
formed in a specific way. But of course the spin base can
be rotated without the spacetime and vice versa.
The spin-base transformations and especially the in-
variance of the action with respect to these has an intu-
itive interpretation. If we start with the Clifford algebra
we have many different sets of Dirac matrices we can
choose from for a given metric. But all these different
sets are connected to each other via a similarity trans-
formation and in odd dimensions additionally via a sign
flip. With this in mind we can read the invariance under
spin-base transformations as an invariance of the choice
of Dirac matrices, i.e. for any choice of compatible γµ
we get the same physical answer. And in order to sat-
isfy this condition for all compatible representations of
the Clifford algebra we really have to take the complete
SL(dγ ,C) as shown in App. C.
This consideration also tells us that in odd dimensions
physical results can depend on the choice of the connected
component of the γµ. We have an invariance with respect
to SL(dγ ,C), but if we e.g. include a mass term we lose
invariance under the sign flip. And therefore the choice
4 In fact this is the reason why the SO(d − 1, 1) is local in the
vielbein formalism.
5 This becomes most apparent by comparing the later formulas
for the spin connection Γˆµ, cf. Eq. (96), and the spin metric h,
cf. Eq. (111), with their standard vierbein formalism analogs.
8of the connected component can be an integral part of
the theory. This is, for instance, familiar from fermion-
induced Chern-Simons terms [39, 40]
III. GENERAL REQUIREMENTS
With the preparations of the previous chapter we now
turn to the description of fermions in curved spacetimes.
Considering curved spacetimes and fermions we have to
care about covariance with respect to coordinate trans-
formations especially both kinds of them, spacetime co-
ordinate transformations and spin-base transformations.
In order to describe spinors we need Dirac structure, de-
fined via the Clifford algebra in irreducible representation
{γµ, γν} = 2gµνI, γµ ∈ Mat(dγ × dγ ,C). (66)
Fermions ψ are then complex Graßmann valued fields
transforming as “vectors” under the fundamental repre-
sentation of the special linear group SL(dγ ,C). The dual
vector ψ¯ is related to the vector ψ via the spin metric h
ψ¯ = ψ†h (67)
whose determinant has to satisfy
|deth| = 1, (68)
such that h does not introduce any scale between ψ and
ψ¯. The transformation law for fermions under a spin-base
transformation S ∈ SL(dγ ,C) reads
ψ → ψ′ = Sψ, ψ¯ → ψ¯′ = ψ¯S−1 (69)
and under diffeomorphisms
ψ → ψ′ = ψ, ψ¯ → ψ¯′ = ψ¯. (70)
Under spin-base transformations the spin metric changes
as
h→ h′ = (S†)−1hS−1, (71)
and under diffeomorphisms as a scalar
h→ h′ = h. (72)
Of course also the Dirac matrices transform non trivially
under spin-base transformations
γµ → SγµS−1. (73)
In odd dimensions there are two connected components
for the γµ such that there exists additionally the possi-
bility of a change of the component via a sign flip
γµ → −γµ, d odd. (74)
Then the fermions and the spin metric transform like
ψ → ψ, ψ¯ → −ψ¯, h→ −h, d odd. (75)
In even dimensions there is only one connected compo-
nent and therefore there is no such discrete transforma-
tion. Under diffeomorphisms the γµ behave as covariant
vectors
γµ → ∂x
ρ
∂x′µ
γρ. (76)
Since we aim at describing dynamics we also have to in-
troduce a covariant derivative ∇µ with
(i) linearity:
∇µ(ψ1 + ψ2) = ∇µψ1 +∇µψ2,
(ii) product rule:
∇µ(ψψ¯) = (∇µψ)ψ¯ + ψ(∇µψ¯),
(iii) metric compatibility:
∇µψ¯ = ∇µψ,
(iv) covariance:
∇µ(ψ¯γνψ) = Dµ(ψ¯γνψ).
(77)
The first two properties are quite intuitive. Demanding
(iii) is the analog of metric compatibility
DµTν = gνρDµT
ρ (78)
of the usual spacetime covariant derivative Dµ with
DµT
ν = ∂µT
ν + ΓνµρT
ρ. (79)
Here Γνµρ is the spacetime connection
Γνµρ =
{
ν
µρ
}
+Kνµρ (80)
composed of the mandatory Levi-Civita part
{
ν
µρ
}
{
ν
µρ
}
=
1
2
gνλ(∂µgλρ + ∂ρgλµ − ∂λgµρ) (81)
and the possible contorsion tensor Kνµρ which is related
to the torsion tensor Cνµρ
Cνµρ = 2K
ν
[µρ], (82)
Kνµρ =
1
2
(Cνµρ + C
ν
ρ µ − C νµρ ) ≡ −K νρµ . (83)
The last condition connects the generalized covariant
derivative ∇µ to the spacetime covariant derivative Dµ
and provides the covariance with respect to diffeomor-
phisms.
We implicitly assume that the covariant derivative
transforms a geometric object into the same geometric
object of one spacetime tensorial rank higher. For in-
stance if the derivative acts on a spinor ψ, then ∇µψ
is still a spinor with the same transformation law under
spin-base transformations, but with the transformation
law of a covariant vector under diffeomorphisms.
Finally the action of a unitary dynamical theory con-
taining fermions should be real. Therefore we demand
9that the kinetic and the mass term in their usual forms
are real ∫
x
(ψ¯ /∇ψ)∗ =
∫
x
ψ¯ /∇ψ, (84)∫
x
(ψ¯ψ)∗ =
∫
x
ψ¯ψ. (85)
Here /∇ denotes the Dirac operator /∇ = γµ∇µ and
∫
x
is
a shorthand for the spacetime integral
∫
ddx
√−g. We
tacitly assume that the considered manifolds and the
fermionic fields allow us to freely integrate by parts un-
der the integral without the occurrence of any boundary
terms.
These basic requirements are the same as in [25], where
the spacetime dimension d was fixed to 4. In the next sec-
tion we construct the spin connection which will ensure
the spin-base covariance for arbitrary integer dimensions
d ≥ 2.
IV. SPIN METRIC AND SPIN CONNECTION
Using our assumptions from the previous chapter let
us analyze the properties of the necessary spin metric
and spin connection. Beginning with Eq. (85) and the
Graßmann nature of fermions
(ψ†hψ)∗ = ψTh∗ψ∗ = −ψ†h†ψ, (86)
it turns out that the spin metric has to be antihermitean
h† = −h. (87)
Additionally we define the Dirac conjugation of a matrix
M ∈Mat(dγ×dγ ,C) analogous to the Dirac conjugation
of a vector ψ as
M¯ = h−1M †h. (88)
This Dirac conjugation is of particular interest for the
complex conjugate of objects like
(ψ¯Mψ)∗ = ψ¯M¯ψ. (89)
For the next step in our analysis we use the properties
(i) - (iv) of Eq. (77) to deduce
(∂µψ¯)ψ + ψ¯(∂µψ)=∂µψ¯ψ=∇µψ¯ψ=(∇µψ¯)ψ + ψ¯(∇µψ).
(90)
From here we conclude that the covariant derivative must
carry a connection Γµ
∇µψ = ∂µψ + Γµψ, ∇µψ¯ = ∂µψ¯ − ψ¯Γµ. (91)
From the transformation laws under spin-base transfor-
mations and diffeomorphisms of spinors ψ we find the
transformation law of the connection Γµ
Γµ → SΓµS−1 − (∂µS)S−1, (92)
Γµ → ∂x
ρ
∂x′µ
Γρ. (93)
From (iii) we infer
∇µψ¯ = ∇µψ = (∇µψ)†h = ∂µψ¯ − ψ¯h−1∂µh+ ψ¯Γ¯µ,
(94)
and deduce the metric compatibility equation
h−1∂µh = Γµ + Γ¯µ. (95)
The following auxiliary matrix Γˆµ turns out to be useful
for our analysis. It is defined by
D(LC)µγ
ν = ∂µγ
ν +
{
ν
µρ
}
γρ = −[Γˆµ, γν ], tr Γˆµ = 0,
(96)
where D(LC)µ is the (Levi-Civita) spacetime covariant
derivative without torsion. Such a matrix exists and is
uniquely given by
Γˆµ =
d∑
n=1
mˆµρ1...ρnγ
ρ1...ρn , d even, (97)
Γˆµ =
d−1
2∑
n=1
mˆµρ1...ρ2nγ
ρ1...ρ2n , d odd, (98)
mˆµρ1...ρn =
(−1)n(n+1)2 tr (γρ1...ρn [(D(LC)µγν), γν ])
2 · n! · ((1− (−1)n)d− 2n) · dγ .
(99)
The proof is found in App. F. Note that Γˆµ is com-
pletely determined in terms of the γµ and their first
derivatives. The matrix Γˆµ transforms exactly like Γµ
inhomogeneously under spin-base transformations
Γˆµ → SΓˆµS−1 − (∂µS)S−1. (100)
To see this one considers the behavior of the defining
equation of Γˆµ Eq. (96) under spin-base transformations
S ∈ SL(dγ ,C) and
tr
(
(∂µS)S−1
)
= ∂µ tr lnS = ∂µetr lnS = ∂µ detS = 0.
(101)
In order to investigate Eq. (84) we calculate
D(LC)µγ¯
ν =D(LC)µ(h
−1γν†h)
=[γ¯ν , h−1(∂µh)] + h
−1(D(LC)γ
ν†)h
=[γ¯ν ,Γµ + Γ¯µ] + h
−1(D(LC)γ
ν)†h
=[γ¯ν ,Γµ + Γ¯µ − ¯ˆΓµ] (102)
and recapitulate that
∂µ
√−g = √−g
{
ρ
ρµ
}
. (103)
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With this in mind it is easy to evaluate∫
x
ψ¯ /∇ψ =
∫
x
(ψ¯ /∇ψ)∗ =
∫
x
(∇µψ)γ¯µψ =
∫
x
(∇µψ¯)γ¯µψ
=−
∫
x
ψ¯
(
(D(LC)µγ¯
µ) + Γµγ¯
µ + γ¯µ∂µ
)
ψ
=
∫
x
[
ψ¯(−γ¯µ)∇µψ + ψ¯[Γ¯µ − ¯ˆΓµ, γ¯µ]ψ
]
. (104)
Since this statement has to be true for all spinors ψ we
identify
γ¯µ = −γµ, (105)
[∆Γµ, γ
µ] = 0. (106)
Here we have decomposed the spin connection Γµ without
loss of generality into
Γµ = iAµ · I + Γˆµ +∆Γµ. (107)
Apart from Γˆµ defined above, we find a trace part Aµ
Aµ = − i
dγ
tr(Γµ), (108)
and the spin torsion ∆Γµ [25]
∆Γµ = Γµ − Γˆµ − 1
dγ
tr(Γµ) · I. (109)
The transformation law under spin-base transformations
for the components of the spin connection reads
Aµ → Aµ, ∆Γµ → S∆ΓµS−1. (110)
We found the three important algebraic equations for the
spin metric
γ†µ = −hγµh−1, h† = −h, |deth| = 1. (111)
For a given set of Dirac matrices there is a unique spin
metric (up to a sign) as proven in App. G.
Next we use the Eqs. (G25) and (G26) from App. G
to infer
∆Γµ = −∆Γµ, ImAµ = 0. (112)
If we compare the spin covariant derivative ∇µ with
the spacetime covariant derivative Dµ we note a similar
structure
∇µψ = ∂µψ + Γˆµψ + ∆Γµψ + iAµψ,
DµT
ν = ∂µT
ν +
{
ν
µρ
}
T ρ + KνµρT
ρ.
(113)
The first part is the ordinary partial derivative, the sec-
ond part is the canonical (Levi-Civita) part, which is de-
termined in terms of the Dirac matrices, respectively the
metric. The third part is a possible torsion term, whose
dynamics is essentially independent of the Dirac matri-
ces and has to be determined by other means, e.g. an
action principle. For the fermionic fields there is another
for the moment unrestricted contribution, Aµ, without
analog in the spacetime covariant derivative. This vec-
tor field is reminiscent to a U(1) gauge field from the
standard model. If we included a U(1) symmetry trans-
formation for the fermions, then this field would behave
exactly like a usual gauge field. As discussed above, we
ignore this gauge field in the following.
Now we are in a very comfortable situation. Given a set
of Dirac matrices we can calculate everything we need to
describe fermions in a curved spacetime. There is a (up
to a sign) unique spin metric h and a unique canonical
(Levi-Civita) part of the connection Γˆµ. Furthermore
there is a rather undetermined object ∆Γµ, which we
call spin torsion and whose dynamics we are going to
investigate in the next section.
Let us first justify the name “spin torsion” by compar-
ing it to spacetime torsion. The spacetime torsion is the
part of the spacetime connection, that even in local iner-
tial coordinates at an arbitrary point is non vanishing, it
cannot be transformed away with a spacetime coordinate
transformation. In order to be more precise, we need a
notion of “local inertial coordinates” in our setup. We
want local inertial spacetime coordinates as well as local
inertial spin bases. There is a straightforward generaliza-
tion for “local inertial at a fixed spacetime point z”. For
the spacetime coordinates we demand that the spacetime
metric aquires Minkowskian form and its first derivative
vanishes
gµν |z = ηµν , ∂λgµν |z = 0, (114)
i.e. the spacetime coordinate base is constant in a vicin-
ity around z. Since there is no preferred set of Dirac
matrices compatible with the Clifford algebra, there is
no “Minkowskian” form of the γµ|z .6 Still, we can analo-
gously demand that the spin base is adjusted in the same
fashion around a vicinity of z
∂λγµ|z = 0. (115)
These coordinates are by no means unique, e.g. for the
spacetime coordinates we can always perform constant
Lorentz transformations and for the spin bases we can
perform constant similarity transformations. However,
the essential property of local inertial coordinates is that
in these coordinates at the point z the Christoffel symbol
vanishes, but the contorsion tensor Kνµρ|z only vanishes
if there is no torsion at this point. We observe now the
same behaviour for the spin connection. The canonical
6 In fact the Minkowskian form of gµν |z is not important. We
could change the spacetime coordinates in a nontrivial, but con-
stant way and would loose the Minkowskian form, but still the
Christoffel symbols would vanish. The important point is the
constant spacetime base.
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(Levi-Civita) part Γˆµ|z vanishes, whereas the spin tor-
sion ∆Γµ|z would only vanish if it was zero also before
the coordinate transformation, i.e. if there was no spin
torsion at all.
The dynamics of the spin torsion ∆Γµ is still missing,
as well as the actual degrees of freedom of ∆Γµ. E.g. for
the spacetime covariant derivative the contorsionKνµρ is
not an arbitrary tensor, but it has to be antisymmetric in
the first and the last indices, c.f. Eq. (83), in order to sat-
isfy the metric compatibility condition. A similar state-
ment holds for the spin torsion which has to be antisym-
metric with respect to Dirac conjugation, c.f. Eq. (112),
so that the spin-metric compatibility is satisfied. Addi-
tionally we found the constraint Eq. (106), which ensures
that the kinetic term is real. A perfectly valid, but quite
simple solution to this equation is ∆Γµ
!
= 0. But it is ob-
vious that this is not the most general choice compatible
with the constraints.
V. DYNAMICS OF SPIN TORSION
This section is devoted to the spin torsion and its de-
grees of freedom as well as the construction of a possible
action governing the dynamics of ∆Γµ. To find the most
general form of the spin torsion we first decompose it into
the basis of Dirac matrices
∆Γµ =
d∑
n=1
̺µρ1...ρnγ
ρ1...ρn , d even, (116)
∆Γµ =
d−1
2∑
n=1
̺µρ1...ρ2nγ
ρ1...ρ2n , d odd. (117)
Next we use the identities from App. E to implement
Eq. (106) and (112). The odd dimensional case is simpler,
we employ Eq. (E2) and find
0 =[∆Γµ, γ
µ] =
d−1
2∑
n=1
̺µρ1...ρ2n [γ
ρ1...ρ2n , γµ]
=− 4
d−1
2∑
n=1
n̺µρ1...ρ2ng
µ[ρ1γρ2...ρ2n]
=− 4
d−1
2∑
n=1
n̺ρ1ρ1ρ2...ρ2nγ
ρ2...ρ2n . (118)
From this we conclude
0 = ̺ρ1ρ1ρ2...ρ2n , n ∈
{
1, . . . ,
d− 1
2
}
. (119)
In even dimensions we plug in our ansatz
0 = [∆Γµ, γ
µ] =
d∑
n=1
̺µρ1...ρn [γ
ρ1...ρn , γµ], (120)
and calculate for k ∈ {1, . . . , d}
0 =
d∑
n=1
̺µρ1...ρn
1
dγ
tr
(
[γρ1...ρn , γµ]γν1...νk
)
. (121)
Since the trace of an odd number of Dirac matrices in
even dimensions always vanishes
0 = tr(γµ1 . . . γµ2l+1), l ∈ N0, (122)
we have to distinguish two cases, k even and k odd. Then
we can neglect half of the sum for the respective choice
of k.
For even k we write k = 2m, m ∈ {1, . . . , d2} and find
with the identity Eq. (E4) from App. E
0 =
d
2∑
l=1
̺µρ1...ρ2l−1
1
dγ
tr
(
[γρ1...ρ2l−1 , γµ]γν1...ν2m
)
=
d
2∑
l=1
̺µρ1...ρ2l−1
1
dγ
tr
(
[γν1...ν2m , γ
ρ1...ρ2l−1 ]γµ
)
=
d
2∑
l=1
̺µρ1...ρ2l−1(−1)l−1 · 2 · (2l)! · gµ[ν1δAρ1...ρ2l−1ν2...ν2l · δlm,
(123)
where δA
ν1...νm
µ1...µm is the normalized and antisymmetrized
Kronecker Delta. Since m ∈ {1, . . . , d2} is arbitrary we
infer
0 = ̺[µρ1...ρ2m−1]. (124)
Next we choose k odd and write k = 2m − 1 with m ∈
{1, . . . , d2}. Then the trace evaluates to
0 =
d
2∑
l=1
̺µρ1...ρ2l
1
dγ
tr
(
[γρ1...ρ2l , γµ]γν1...ν2m−1
)
=
d
2∑
l=1
̺µρ1...ρ2l
1
dγ
tr
(− 4lδ[ρ1µ γρ2...ρ2l]γν1...ν2m−1)
=2
d
2∑
l=1
̺µρ1...ρ2l · (2m)! · (−1)mδ[ρ1µ δAρ2...ρ2l]ν1...ν2m−1 · δlm,
(125)
where we have made use of Eqs. (E2) and (D11). Again
since m ∈ {1, . . . , d2} is arbitrary, we deduce
0 = ̺ρ1ρ1ρ2...ρ2m . (126)
The second condition Eq. (112) reexpresses the met-
ric compatibility and tells us whether the coefficients
̺µρ1...ρn , respectively ̺µρ1...ρ2n are purely real or purely
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imaginary. We introduce the new variables
˜̺µρ1...ρn = i
−n(n+1)+22 ̺µρ1...ρn , n ∈ {1, . . . , d}, d even,
(127)
˜̺µρ1...ρ2n = i
n−1̺µρ1...ρ2n , n∈
{
1, . . . ,
d− 1
2
}
, d odd,
(128)
and find that these have to be purely real employing the
metric compatibility together with Eq. (E1) from App.
E:
˜̺µρ1...ρn ∈ R, n ∈ {1, . . . , d}, d even, (129)
˜̺µρ1...ρ2n ∈ R, n ∈
{
1, . . . ,
d− 1
2
}
, d odd. (130)
Summing up, the spin torsion is given in even dimensions
by
∆Γµ =
d∑
n=1
˜̺µρ1...ρn i
n(n+1)+2
2 γρ1...ρn , (131)
with the real coefficients
0 = ˜̺ρ1ρ1ρ2...ρ2m , 0 = ˜̺[µρ1...ρ2m−1 ], m ∈
{
1, . . . ,
d
2
}
(132)
and in odd dimensions
∆Γµ =
d−1
2∑
n=1
˜̺µρ1...ρ2n i
−(n−1)γρ1...ρ2n , (133)
with the real coefficients
0 = ˜̺ρ1ρ1ρ2...ρ2m , m ∈
{
1, . . . ,
d
2
}
. (134)
Further we can count the degrees of freedom. In even
dimensions, for each ˜̺µρ1...ρn we have d ·
(
d
n
)
components.
For even n there are
(
d
n−1
)
constraints and for odd n
there are
(
d
n+1
)
constraints
d·
d∑
n=1
(
d
n
)
−
d
2∑
n=1
(
d
2n− 1
)
−
d
2∑
n=1
(
d
2n
)
= (d− 1)(d2γ − 1).
(135)
Therefore we have in total (d − 1)(d2γ − 1) real degrees
of freedom for spin torsion. In odd dimensions, for each
˜̺µρ1...ρ2n we have d ·
(
d
2n
)
components and
(
d
2n−1
)
con-
straints
d ·
d−1
2∑
n=1
(
d
2n
)
−
d−1
2∑
n=1
(
d
2n− 1
)
= (d− 1)(d2γ − 1). (136)
Hence, we also have (d−1)(d2γ−1) real degrees of freedom
for spin torsion in odd dimensions.
For even dimensions this number decreases if we also
demand chiral invariance (ψ → γ∗ψ, ψ¯ → −ψ¯γ∗) of the
kinetic operator
ψ¯ /∇ψ → −ψ¯γ∗ /∇γ∗ψ != ψ¯ /∇ψ. (137)
This constraint leads to
0 =γµ(∇µγ∗) = γµ(∂µγ∗ + [Γˆµ, γ∗]) + γµ[∆Γµ, γ∗]
=γµ[∆Γµ, γ∗]. (138)
In order to implement this constraint we insert our series
expansion for ∆Γµ and use Eq. (106)
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0 =
d∑
n=1
˜̺µρ1...ρn i
n(n+1)+2
2 γµ[γρ1...ρn , γ∗]
=− 2iγ∗
d
2∑
n=1
˜̺µρ1...ρ2n−1 i
nγµγρ1...ρ2n−1
=− iγ∗
d
2∑
n=1
˜̺µρ1...ρ2n−1 i
n[γµ, γρ1...ρ2n−1 ]
− iγ∗
d
2∑
n=1
˜̺µρ1...ρ2n−1 i
n{γµ, γρ1...ρ2n−1}
=− iγ∗
d
2∑
n=1
˜̺µρ1...ρ2n−1 i
n{γµ, γρ1...ρ2n−1}. (139)
Next we employ the result Eq. (E3) from App. E and find
0 =
d
2∑
n=1
˜̺µρ1...ρ2n−1 i
n{γµ, γρ1...ρ2n−1}
=2
d
2∑
n=1
˜̺µρ1...ρ2n−1(2n− 1)ingµ[ρ1γρ2...ρ2n−1]
=2
d
2∑
n=1
˜̺ρ1ρ1ρ2...ρ2n−1(2n− 1)inγρ2...ρ2n−1 . (140)
Since the γρ1...ρn form a basis we can read off
0 = ˜̺ρ1ρ1ρ2...ρ2n−1 , n ∈
{
1, . . . ,
d
2
}
. (141)
These additional constraints are independent from the
first set Eq. (132), again we can count the new constraints
d
2∑
n=1
(
d
2n− 2
)
=
1
2
d2γ − 1 (142)
7 Note that if we decompose [γµ, γρ1...ρ2n−1 ] into our stan-
dard basis, we find tr([γµ, γρ1...ρ2n−1 ]γν1...ν2m−1 ) = 0 and
tr([γµ, γρ1...ρ2n−1 ]γν1...ν2m) ∼ δ
n
mδA
µρ1...ρ2n−1
ν1ν2...ν2n , c.f. Eq. (E4).
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leaving us with (d−2)(d2γ−1)+
d2γ
2 real degrees of freedom
for chiral spin torsion in even dimensions.
Note that the coefficients ˜̺µρ1...ρn , respectively the
˜̺µρ1...ρ2n are spin-base independent: In accordance to
the preceeding discussion we cannot transform away any
of these coefficients with a spin-base transformation.
With the covariant derivative ∇µ at hand we can
turn to a construction of an action similar to [25].
The Einstein-Hilbert action is constructed from the field
strength tensor, which in general relativity is the Rie-
mann tensor Rµνρλ. It is defined as
R λµν ρT
ρ = [Dµ, Dν ]T
λ + CσµνDσT
λ, ∀T ρ tensor.
(143)
Following the same route we define the spin curvature
Φµν to be
Φµνψ = [∇µ,∇ν ]ψ + Cσµν∇σψ. (144)
More precisely Φµν reads
Φµν =∂µΓν − ∂νΓµ + [Γµ,Γν ] (145)
=Φˆµν + 2∂[µ∆Γν] + 2[Γˆ[µ,∆Γν]] + [∆Γµ,∆Γν ],
(146)
where Φˆµν is the curvature induced by Γˆµ, c.f. [25],
Φˆµν =∂µΓˆν − ∂ν Γˆµ + [Γˆµ, Γˆν ] (147)
=
1
8
R(LC)µναβ [γ
α, γβ]. (148)
By R(LC)µναβ we denote the Riemann curvature tensor
induced by the Christoffel symbols
R(LC)
λ
µν ρ
= ∂µ
{
λ
νρ
}
−∂ν
{
λ
µρ
}
+
{
λ
µσ
}{
σ
νρ
}
−
{
λ
νσ
}{
σ
µρ
}
.
(149)
With this field strength we now construct an invariant
(scalar) in order to give an action. The simplest first
order invariant without introduction of any new fields is
LΦ =
1
dγ
tr(Φµνγ
νµ). (150)
With this invariant we can construct an action reminis-
cent to the usual Einstein-Hilbert action
SΦ =
1
8πG
∫
x
LΦ, (151)
where G is some coupling constant. For the explicit eval-
uation of LΦ, we first calculate in even dimensions
D(LC)µ∆Γν = D(LC)µ
d∑
n=1
̺νρ1...ρnγ
ρ1...ρn
=
d∑
n=1
[(D(LC)µ̺νρ1...ρn)γ
ρ1...ρn
+ ̺νρ1...ρn(D(LC)µγ
ρ1...ρn)]
=
d∑
n=1
(D(LC)µ̺νρ1...ρn)γ
ρ1...ρn − [Γˆµ,∆Γν ].
(152)
Analogously in odd dimensions
D(LC)µ∆Γν =
d−1
2∑
n=1
(D(LC)µ̺νρ1...ρ2n)γ
ρ1...ρ2n − [Γˆµ,∆Γν ]
(153)
holds. Additionally it helps to rewrite the complete an-
tisymmetrization
˜̺[µρ1...ρn]=
1
n+1
(
˜̺µρ1...ρn+
n∑
l=1
(−1)l ˜̺ρlµρ1...ρl−1ρl+1...ρn
)
(154)
of ˜̺µρ1...ρn as
1
n
n∑
l=1
(−1)l−1 ˜̺ρlµρ1...ρl−1ρl+1...ρn
=
1
n
˜̺µρ1...ρn −
n+ 1
n
˜̺[µρ1...ρn]. (155)
With the aid of the identities from App. D and E and
the constraints for the ̺µρ1...ρn respectively ̺µρ1...ρ2n it is
then straightforward to calculate LΦ in even dimensions
LΦ =
1
2
R(LC) + 2
d∑
n=1
(−1)n · n! ·
[
˜̺µρ1...ρn ˜̺µρ1...ρn
−(n+1)˜̺[µρ1...ρn] ˜̺[µρ1...ρn]−n ˜̺µ ρ2...ρnµ ˜̺ννρ2...ρn
]
(156)
and in odd dimensions
LΦ =
1
2
R(LC) + 2
d−1
2∑
n=1
(2n)! ·
[
˜̺µρ1...ρ2n ˜̺µρ1...ρ2n
− (2n+ 1)˜̺[µρ1...ρ2n] ˜̺[µρ1...ρ2n]
]
.
(157)
While this is a compact form of the Lagrangian in terms
of the ˜̺µρ1...ρn it is more convenient to rewrite it in a
form which is respecting the constraints of the ˜̺µρ1...ρn
explicitly. We are dealing with tensors Tµρ1...ρn of the
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form Tµρ1...ρn = Tµ[ρ1...ρn]. Hence, it is helpful to intro-
duce the projectors onto the trace
(PnTr)
αλ1...λn
µρ1...ρn =
n(−1)n−1
d− (n− 1)gµ[ρ1δA
λ1...λn
ρ2...ρn]ν
gνα, (158)
as well as onto the totally antisymmetric part
(PnA)
αλ1...λn
µρ1...ρn = δA
αλ1...λn
µρ1...ρn , (159)
and onto the traceless part
(PnTL)
αλ1...λn
µρ1...ρn = (1
n) αλ1...λnµρ1...ρn − (PnTr) αλ1...λnµρ1...ρn
− (PnA) αλ1...λnµρ1...ρn (160)
of such a tensor. The identity projector reads
(1n) αλ1...λnµρ1...ρn = δ
α
µδA
λ1...λn
ρ1...ρn . (161)
The projector properties such as idempotence8
(PnTr)
2 = (PnTr), (P
n
A)
2 = (PnA), (P
n
TL)
2 = (PnTL),
(162)
orthogonality
(PnTr)(P
n
A) = (P
n
A)(P
n
Tr) = 0,
(PnTr)(P
n
TL) = (P
n
TL)(P
n
Tr) = 0,
(PnA)(P
n
TL) = (P
n
TL)(P
n
A) = 0,
(163)
and the partition of unity
(PnTr) + (P
n
A) + (P
n
TL) = (1
n), (164)
are easily checked with the aid of
δA
α1...αn−1µ
β1...βn−1µ
=
d− (n− 1)
n
δA
α1...αn−1
β1...βn−1
. (165)
We denote the trace of ˜̺µρ1...ρn by φ˜ρ2...ρn ,
φ˜ρ2...ρn = ˜̺
µ
µρ2...ρn , (166)
the antisymmetric part by (˜̺A)µρ1...ρn ,
(˜̺A)µρ1...ρn = (P
n
A)
αλ1...λn
µρ1...ρn ˜̺αλ1...λn , (167)
and the traceless part by (˜̺TL)µρ1...ρn ,
(˜̺TL)µρ1...ρn = (P
n
TL)
αλ1...λn
µρ1...ρn ˜̺αλ1...λn . (168)
Then we can decompose ˜̺µρ1...ρn as
˜̺µρ1...ρn=(˜̺TL)µρ1...ρn + (˜̺A)µρ1...ρn
+
n
d− (n− 1)gµ[ρ1 φ˜ρ2...ρn]. (169)
8 The product (Pn
Tr
)(Pn
A
) of two projectors (Pn
Tr
) and (Pn
A
) is
defined as [(Pn
Tr
)(Pn
A
)] αλ1...λnµρ1...ρn = (P
n
Tr
) βκ1...κnµρ1...ρn (P
n
A
) αλ1...λn
βκ1...κn
.
Especially the square of ˜̺µρ1...ρn then reads
˜̺µρ1...ρn ˜̺µρ1...ρn=(˜̺TL)
µρ1...ρn(˜̺TL)µρ1...ρn
+ (˜̺A)
µρ1...ρn(˜̺A)µρ1...ρn
+
n
d− (n− 1) φ˜
ρ2...ρn φ˜ρ2...ρn . (170)
In other words, the trace, the antisymmetric part and
the traceless part decouple from each other.
The Lagrangian in these variables in even dimensions
then reads
LΦ =
1
2
R(LC) + 2
d∑
n=1
(−1)nn! · (˜̺TL)µρ1...ρn(˜̺TL)µρ1...ρn
− 2
d
2∑
n=1
2n · (2n)! · (˜̺A)µρ1...ρ2n(˜̺A)µρ1...ρ2n
+ 2
d
2∑
n=1
(2n−1)·(2n−1)!·d−2n+1
d−2n+2 φ˜
ρ2...ρn φ˜ρ2...ρn ,
(171)
and in odd dimensions we have
LΦ =
1
2
R(LC) + 2
d−1
2∑
n=1
(2n)! · (˜̺TL)µρ1...ρ2n(˜̺TL)µρ1...ρ2n
− 2
d−1
2∑
n=1
2n · (2n)! · (˜̺A)µρ1...ρ2n(˜̺A)µρ1...ρ2n .
(172)
In this form it is apparent that the resulting classical
equations of motion after varying with respect to the spin
torsion degrees of freedom are purely algebraic in the
fields (˜̺TL)µρ1...ρn , (˜̺A)µρ1...ρn and φ˜ρ2...ρn . Therefore
the spin torsion vanishes classically in the absence of,
e.g. spinorial sources. The variation with respect to the
metric gives us the usual Einstein field equations.
VI. LORENTZ SYMMETRIC GAUGE
In the usual vielbein setup one often needs the vielbein
e aµ as a function of the metric gµν with respect to some
fixed but arbitrary background metric g¯µν and back-
ground vielbein e¯ aµ . Such relations define a gauge for
the vielbein. It turned out that the Lorentz-symmetric
gauge is very useful and minimizes in practice the cal-
culational effort [14–16]. In particular, corresponding
SO(3, 1) Faddeev-Popov ghosts do not contribute in per-
turbation theory [41, 42]. An interesting application of
the generalized Weldon theorem Eq. (A1) is the deriva-
tion of the analog of the Lorentz symmetric gauge for the
Dirac matrices as the simplest9 possible choice (gauge)
9 The notion of “simplest” here will become apparent below. It
means the least possible change of the Dirac structure while going
from γ¯µ to γµ.
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of the Dirac matrices γµ = γµ(g). We show how this is
done in the following.
With hµν we denote a metric fluctuation which
parametrizes the full metric gµν with respect to an un-
specified (arbitrary) background metric g¯µν ,
gµν = g¯µν + hµν . (173)
The background Dirac matrices are denoted with γ¯µ.
10
We assume that we can expand11 γµ(g) in powers of the
fluctuation hµν
γµ(g) =
∞∑
n=0
∂nγµ(g)
n!∂gν1ν2 . . . ∂gν2n−1ν2n
∣∣∣∣
g=g¯
hν1ν2 . . . hν2n−1ν2n .
(174)
Using the generalized Weldon theorem Eq. (A1) we can
write
∂γµ(g)
∂gν1ν2
=
1
2
δS
ν1ν2
µρ γ
ρ(g) + [Gν1ν2(g), γµ(g)], (175)
where δS
ν1...νm
µ1...µm is the normalized and symmetrized Kro-
necker delta and Gν1ν2 is a Dirac valued function of
the metric encoding the gauge choice. I.e. by fixing
Gν1ν2(g) and γ¯µ = γµ(g¯) we completely fix the func-
tion γµ = γµ(g). Since there is no preferred choice
of Dirac matrices for a given metric, we can leave the
background Dirac matrices γ¯µ arbitrary while compati-
ble with the Clifford algebra. We aim at optimizing the
function Gν1ν2 such that Eq. (174) becomes as simple as
possible.
In order to do so we expand Gν1ν2(g) in powers of the
metric fluctuations
Gν1ν2 =
∞∑
n=0
1
n!
G¯ν1ν2λ1...λ2nhλ1λ2 . . . hλ2n−1λ2n , (176)
where the G¯ν1ν2λ1...λ2n are the expansion coefficients to
be determined. Since we aim at simplifying the function
Eq. (174) we have to simplify the derivatives of the Dirac
matrices. Looking at the first nontrivial term we find
∂γµ(g)
∂gν1ν2
∣∣∣∣
g=g¯
=
1
2
δS
ν1ν2
µρ γ¯
ρ + [G¯ν1ν2 , γ¯µ]. (177)
Taking into account that the symmetric part and the
commutator part are completely independent, it is obvi-
ous that the best simplification we can find is G¯ν1ν2 = 0.
With this we can go on to the second derivative
∂2γµ(g)
∂gν1ν2∂gν3ν4
∣∣∣∣
g=g¯
= −ων1...ν4µργ¯ρ + [G¯ν1...ν4 , γ¯µ], (178)
10 During this section we will use the bar as a reference to the
background. Especially the background Dirac matrices γ¯µ =
γµ(g = g¯) should not be confused with the Dirac conjugation of
the Dirac matrices h−1γ†µh which had the same bar notation in
the previous chapters but are not present here.
11 We discuss the situation for a nonexpandable metric at the end
of this section.
where ων1...ν4µρ =
1
4δS
ν1ν2
µκ g¯
κσδS
ν3ν4
σρ . The tensor ω
ν1...ν4
µρ
has a symmetric and an antisymmetric part concerning
the pair (µ, ρ). Using that we can rewrite the antisym-
metric part as a commutator. We find
∂2γµ(g)
∂gν1ν2∂gν3ν4
∣∣∣∣
g=g¯
=−ων1...ν4(µρ)γ¯ρ+
[
G¯ν1...ν4+
1
8
ων1...ν4[λ1λ2][γ¯
λ1 , γ¯λ2 ], γ¯µ
]
,
(179)
where (. . .) denotes the normalized symmetrization of
indices. Once again we have two independent terms
and we find that the simplest choice is G¯ν1...ν4 =
− 18ων1...ν4[λ1λ2][γ¯λ1 , γ¯λ2 ].
We can iterate this process of identifying the symmet-
ric part and the commutator part and eliminate the com-
mutator part by appropriate choices of the G¯ν1ν2λ1...λ2n .
By doing this we end up with an expansion of the Dirac
matrices γµ(g) which is directly proportional to the back-
ground Dirac matrices γ¯µ
γµ =
∞∑
n=0
(−1)n−1
n!
(ωn)
ν1...ν2n
µργ¯
ρhν1ν2 . . . hν2n−1ν2n .
(180)
The (ωn)
ν1...ν2n
µρ = (ωn)
ν1...ν2n
(µρ) can be calculated re-
cursively applying the above given construction of the
G¯ν1ν2λ1...λ2n , where we already know the first three of
them
(ω0)µρ = −g¯µρ, (181)
(ω1)
ν1ν2
µρ =
1
2
δS
ρ1ρ2
µρ , (182)
(ω2)
ν1...ν4
µρ = ω
ν1...ν4
(µρ). (183)
Unfortunately it is difficult to perform this iteration to all
orders. To circumvent this problem we remind ourselves
that equation Eq. (175) is a consequence of the Clifford
algebra and insert the simplified ansatz Eq. (180) into
the Clifford algebra
2(g¯µν + hµν)I =
∞∑
n=0
∞∑
m=0
(−1)n+m
n! ·m! {γ¯
α, γ¯β}
× (ωn)ρ1...ρ2nµαhρ1ρ2 . . . hρ2n−1ρ2n
× (ωm)λ1...λ2mµβhλ1λ2 . . . hλ2m−1λ2m .
(184)
We can reorder the sums such that we sum over the pow-
ers of the fluctuations in increasing order. For this we in-
troduce the new summation variables (s, l) = (n+m,m),
where l ∈ {0, . . . , s} and s ∈ {0, . . . ,∞} and the short-
hand
(ωmh
m)ρλ = g¯
ρα(ωm)
ν1...ν2m
αλhν1ν2 . . . hν2m−1ν2m .
(185)
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Then we find
g¯µν+hµν =
∞∑
s=0
(−1)s
s!
s∑
l=0
(
s
l
)
g¯µκ(ωs−lh
s−l)κα(ωlh
l)αν .
(186)
Since this equation has to be true for each power of hµν
individually the equation splits into three parts. First we
have from s = 0
δµν = (ω0h
0)µα(ω0h
0)αν , (187)
which is of course satisfied, cf. Eq. (181). For s = 1 we
find again just a trivially satisfied equation
gµαhαν = −(ω1h1)µα(ω0h0)αν − (ω0h0)µα(ω1h1)αν ,
(188)
cf. Eq. (182). The last part is s ≥ 2
0 =
s∑
l=0
(
s
l
)
(ωs−lh
s−l)µα(ωlh
l)αν , (189)
which we can rewrite as
(ωsh
s)µν =
1
2
s−1∑
l=1
(
s
l
)
(ωs−lh
s−l)µα(ωlh
l)αν (190)
by splitting off the l = 0 and l = s parts and using
Eq. (181). In other words we have a recursion relation
with initial conditions Eq. (181) and (182). This recur-
sion obviously has a unique solution. With the initial
conditions we can show by induction that
(ωsh
s)µν = cs · hµρ1 . . . h
ρs−1
ν , s ≥ 1, (191)
where hµν = g¯
µρhρν and cs are just numbers to be de-
termined. Plugging our result into Eq. (190) we get a
recursion for the cs
cs =
1
2
s−1∑
l=1
(
s
l
)
cs−lcl, s ≥ 2, (192)
with initial condition c1 =
1
2 . The explicit solution of
this recursion reads
cs = (−1)s−1
Γ
(
3
2
)
Γ
(
3
2 − s
) , (193)
which can be shown by induction again. As a result we
have
γµ(g) =
∞∑
n=0
(−1)n−1
n!
g¯µκ(ωnh
n)κλγ¯
λ
= g¯µκ
∞∑
n=0
Γ
(
3
2
)
Γ(n+ 1)Γ
(
3
2 − n
) (hn)κλγ¯λ, (194)
where (hn)κλ = h
κ
ρ1h
ρ1
ρ2 . . . h
ρn−2
ρn−1h
ρn−1
λ. This sum
is exactly the series representation of the square root and
we can write formally
γµ(g) = g¯µκ[
√
δ + h]κλγ¯
λ. (195)
This is precisely the representation given by Woodard for
the vielbein [42]
e aµ = g¯µκ[
√
δ + h]κλe¯
λa. (196)
This calculation illustrates why the Lorentz symmetric
gauge proved so useful.
In view of contemporary nonperturbative quantum
gravity calculations, an urgent question arises [43–48].
Is there a way to fix the gauge without assuming that
γµ(g) is expandable in the metric fluctuation hµν around
the background metric g¯µν . We will give a possibility
here.
Let us assume two given metrics gµν and g¯µν , with the
same notation as before. We have seen, that we can tune
the spin-base such that the full Dirac matrices γµ(g) and
the background Dirac matrices γ¯µ are related in a linear
way γµ ∼ γ¯ν . Let us take such a form as an ansatz to
find a nonperturbative gauge
γµ(g) = Bµν(g, g¯)γ¯ν , Bµν(g, g¯) = Bνµ(g, g¯), (197)
where we have to determine the complex functions
Bµν(g, g¯). The symmetry of Bµν(g, g¯) is in the same spirit
as our construction from above and is supposed to ensure
the simplicity. Plugging this ansatz into the Clifford al-
gebra we find
gµν = Bµρ(g, g¯)g¯ρκBνκ(g, g¯). (198)
For clarity, we switch to an intuitive matrix formulation
gµν → g, Bµν(g, g¯) → B and additionally drop the ar-
guments (g, g¯) from now on. By using the symmetry
B = BT we can rewrite Eq. (198)
g = Bg¯−1BT = Bg¯−1B = g¯(g¯−1B)2. (199)
Therefore g¯−1B has to be a square root of g¯−1g, com-
patible with the symmetry condition.12 To simplify the
structure we use that g¯ is a real symmetric matrix and
therefore has a (nonunique) symmetric square root χ
g¯ = χ2, χT = χ. (200)
Depending on the signature χ can be complex. Then
it follows that χ−1Bχ−1 is symmetric as long as B is
symmetric. Hence, we arrive at
(χ−1Bχ−1)2 = χ−1gχ−1, (201)
12 Note that for g = g¯ + h we get the perturbative result from
above B = g¯
√
I + g¯−1h.
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where χ−1gχ−1 is obviously a symmetric matrix as well.
This is a quite comfortable situation, as we are looking
for a symmetric square root of a symmetric matrix. If we
suppose there is a symmetric square root κ of χ−1gχ−1
χ−1gχ−1 = κ2, κT = κ, (202)
then we have a solution B with
B = χκχ (203)
as can be checked easily. Especially for the recently be-
come prominent exponential parametrization [49–52]
g = g¯eg¯
−1h, hT = h, (204)
we find
κ = e
1
2χ
−1hχ−1 (205)
B = g¯e 12 g¯−1h. (206)
Unfortunately in general there is no guarantee that for
a complex symmetric matrix a symmetric square root
exists. Still, any Euclidean metric corresponds to a sym-
metric, positive definite matrix. Hence, there is a unique,
symmetric, positive definite χ. Therefore we also have
a unique, symmetric, positive definite κ, leading to a
unique B given by Eq. (203). As proven in App A of
[51] one can uniquely parametrize any Euclidean metric
g by Eq. (204), hence κ and B are given by Eq. (205) and
(206).
In general dimensions the situation for the Lorentzian
signature is unclear so far. The problem stems from the
minus sign in the signature of the metric leading to a
complex χ. The first nontrivial dimension is d = 2. One
can show, however, that the only complex symmetric 2×2
matrices without symmetric square root are of the form
c ·
(±i 1
1 ∓i
)
, with c ∈ C\{0}. Fortunately these matrices
have vanishing determinant guaranteeing the existence
of the symmetric square root of χ−1gχ−1 at least in two
dimensions independent of the signature. One can hope
that this generalizes somehow to arbitrary integer dimen-
sions d ≥ 2, but this is beyond the scope of this paper.
VII. CONCLUSION
In this paper we have generalized the results of [25]
to arbitrary integer dimensions d ≥ 2. It was demon-
strated how the concept of spin-base invariance arises
naturally from completely standard considerations. We
have pointed out the hidden spin-base invariance of the
vielbein formalism and have shown how it artificially
splits the full Dirac matrices into a vielbein and flat Dirac
matrices. Especially we have presented how the gener-
alized Weldon theorem allows us to formulate a purely
metric based description of fermions.
We have constructed all relevant quantities for the de-
scription of fermions in curved spacetimes from the Dirac
matrices. It is obvious that every manifold that admits
a global vielbein also admits global Dirac matrices, but
as shown in [36] the converse is not true. The 2-sphere
serves as a simple example how our approach generalizes
the usual vielbein formalism. We stress that the viel-
bein formalism, if applicable, is always a special choice
of Dirac matrices and therefore completely covered by
our approach as long as there is no torsion. Additionally
to spacetime torsion the spin connection can carry spin
torsion. The name spin torsion is motivated by the fact,
that this part of the spin connection transforms homoge-
neously under coordinate transformations and therefore
cannot be transformed away locally by adjusting the co-
ordinates. Similarly to spacetime torsion we can impose
conditions like metric compatibility for spin torsion lead-
ing to some algebraic constraints. These constraints have
been resolved completely such that we have been able
to count the actual degrees of freedom of spin torsion.
Motivated through classical field theory we have given
a possible action in terms of the field strength induced
by the spin connection. Using this action in vaccum,
i.e. no matter Lagrangian, we have found the standard
vacuum Einstein field equations and identically vanishing
spin torsion.
We further have found that the analog of the commonly
used Lorentz symmetric gauge in terms of the Dirac ma-
trices is in fact the simplest possible choice of Dirac ma-
trices for a given background metric and metric fluctu-
ation. This explains why this gauge choice is so useful
for explicit calculations. Furthermore we have presented
a possibility for an explicit gauge fixing of the Dirac ma-
trices for two general metrics, which do not have to be
linearly connected.
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Appendix A: Weldon theorem in arbitrary integer
dimensions
An essential ingredient for our investigations is the
Weldon theorem [24]. It states that the most general
infinitesimal variation of the Dirac matrices compatible
with the Clifford algebra can be written as
δγµ =
1
2
(δgµν)γ
ν + [δSγ , γµ], tr δSγ = 0, (A1)
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where δgµν is the infinitesimal variation of the metric
and δSγ ∈ Mat(dγ × dγ ,C) parametrizes an arbitrary
infinitesimal similarity transformation. With Mat(dγ ×
dγ ,C) we denote the dγ×dγ matrices. Especially there is
a one-to-one mapping between δγµ on the one hand and
δgµν and δSγ on the other hand. With this theorem we
can proof the existence of Γˆµ in App. F, parametrize all
possible Dirac matrices and perform derivatives of the γµ
with respect to the metric.
Weldon has proven this theorem in d = 4 spacetime
dimensions. We give a general proof for arbitrary integer
dimensions d ≥ 2. Starting with the Clifford algebra
{γµ, γν} = 2gµνI (A2)
we perform an infinitesimal variation and arrive at
{γµ + δγµ, γν + δγν} = 2(gµν + δgµν)I. (A3)
Now instead of solving this equation in general in one
step, we start with one special solution namely
(δγµ)special =
1
2
(δgµν)γ
ν . (A4)
This solution solves Eq. (A3) not exactly but only to
the first order in δgµν , which is of course sufficient since
we are only interested in infinitesimal variations. Now
we employ the well known theorem that every solution
to the Clifford algebra to a given metric is connected to
each other via a similarity transformation and in odd di-
mensions via a sign flip (if necessary) [35]. Since we only
deal with infinitesimal variations, we cannot leave the
connected component. This excludes the sign flip also in
odd dimensions. Therefore the most general solution δγµ
must be connected to (δγµ)special via a similarity trans-
formation and actually this transformation has to be an
infinitesimal one eδSγ ≃ I + δSγ
γµ + δγµ
!
= eδSγ
(
γµ + (δγµ)special
)
e−δSγ . (A5)
By expanding this equation we can read off
δγµ = (δγµ)special + [δSγ , γµ] = 1
2
(δgµν)γ
ν + [δSγ , γµ].
(A6)
Since the trace part completely drops out of the commu-
tator it is sufficient to restrict δSγ to be traceless. The
last relation proves that we can decompose every Dirac
matrix fluctuation compatible with the Clifford algebra
as in Eq. (A1).
We still have to proof the uniqueness of δgµν and δSγ
for a given δγµ, where we impose that any metric fluctua-
tion has to be symmetric δgµν = δgνµ and that any spin-
base fluctuation has to be traceless tr δSγ = 0. Now let
us suppose we have two sets of compatible metric fluctua-
tions and spin-base fluctuations δgµν , δSγ (unprimed de-
composition) and δg′µν , δS ′γ (primed decomposition) for
a given δγµ,
δγµ =
1
2
(δgµν)γ
ν + [δSγ , γµ] = 1
2
(δg′µν)γ
ν + [δS ′γ , γµ].
(A7)
By calculating the trace of γµδγν + γνδγµ first in the
unprimed decomposition
1
dγ
tr(γµδγν + γνδγµ) = δgµν (A8)
and then again in the primed decomposition
1
dγ
tr(γµδγν + γνδγµ) = δg
′
µν (A9)
we find that the two metric fluctuations have to be equal
δgµν = δg
′
µν . From here it is obvious that [δSγ , γµ] =
[δS ′γ , γµ], implying that[
[δSγ , γµ], γµ
]
=
[
[δS ′γ , γµ], γµ
]
. (A10)
Now we can use that the γµ1...µn in even dimensions or
respectively the γµ1...µ2n in odd dimensions form a basis
in Mat(dγ × dγ ,C) [35].13 Next we observe that the con-
tracted commutator of Dirac matrices
[
[·, γµ], γµ] does
not mix the base elements, and only eliminates the part
proportional to the identity, cf. Eq. (D10) from App. D.
Hence the two matrices δSγ and δS ′γ are equal up to a
trace term. Since we know that they are traceless they
have to be equal δSγ = δS ′γ . This proves the uniqueness
of δgµν and δSγ .
Appendix B: Dirac matrices in terms of the vielbein
In the following we investigate what happens if one
tries to give the Dirac matrix path integral a meaning
using the vielbein formalism. In other words we aim at
decomposing an arbitrary Dirac matrix fluctuation δγµ
(compatible with the Clifford algebra) uniquely into a
vielbein fluctuation δe aµ and a fluctuation of some other
quantity.
We begin by assuming the existence of a vielbein de-
gree of freedom e aµ in the Dirac matrix formalism. Then
we can define a set of spacetime dependent flat Dirac
matrices γ(f)a by
γ(f)a = e
µ
aγµ (B1)
satisfying a Clifford algebra for the flat metric ηab.
Hence, we can express the Dirac matrices as γµ =
13 The γµ1...µn are the normalized and antisymmetrized combina-
tions of the Dirac matrices, cf. Eq. (19).
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e aµ γ(f)a. A general vielbein fluctuation can be decom-
posed uniquely into a metric fluctuation δgµν and a
Lorentz fluctuation δΛab
δe aµ =
1
2
(δgµν)e
νa + e bµ δΛ
a
b, (B2)
where
δgµν = (δe
a
µ )eνa + (δe
a
ν )eµa, (B3)
δΛab =
1
2
(δe aρ )e
ρ
b −
1
2
(δe cρ ) ηcb e
ρ
d η
da. (B4)
From a given Dirac matrix fluctuation δγµ we can read
off the corresponding metric fluctuation δgµν and the cor-
responding spin-base fluctuation δSγ from the Weldon
theorem
δγµ =
1
2
(δgµν)γ
ν + [δSγ , γµ], (B5)
cf. App. A. On the other hand we can calculate the
fluctuations of the decomposition Eq. (B1)
δγµ = (δe
a
µ )γ(f)a + e
a
µ (δγ(f)a), (B6)
where δe aµ is the vielbein fluctuation and δγ(f)a is a fluc-
tuation of a flat Dirac matrix. Here we can decompose
the vielbein fluctuation like in Eq. (B2). Additionally we
know that the γ(f)a have to satisfy the flat Clifford al-
gebra. Therefore the fluctuation δγ(f)a has to be a pure
spin-base fluctuation δS(f)
δγ(f)a = [δS(f), γ(f)a]. (B7)
Then we arrive at
δγµ =
1
2
(δgµν)γ
ν +
[
δS(f) +
1
8
(δΛb c)[γ(f)b, γ(f)
c], γµ
]
,
(B8)
where we have used the identity
[
[γ(f)b, γ(f)
c], γ(f)a
]
=
4δcaγ(f)b − 4ηabγ(f)c. Here we see that δγµ fixes the met-
ric fluctuation part δgµν of the vielbein fluctuation δe
a
µ .
Besides it follows that
δSγ = δS(f) +
1
8
(δΛb c)[γ(f)b, γ(f)
c]. (B9)
This implies that there are in principle infinitely many
possible Lorentz fluctuations δΛab for a given spin-base
fluctuation δSγ . In order to cure this ambiguity, we have
to find a way to extract a unique Lorentz fluctuation from
δSγ . The obvious way is to restrict δS(f) to the trace-
less matrices, without the set {ωµν [γµ, γν ] : ωµν ∈ R},
where [γµ, γν ] is one part of the Dirac matrix base for
Mat(dγ × dγ ,C). Unfortunately the remaining degree of
freedom δS(f) then corresponds to a symmetry whose rep-
resentation becomes spacetime dependent and dependent
on the position in configuration space (within a path in-
tegral). Even worse, as δSγ is an element of the complex
algebra sl(dγ ,C), the matrix δS(f) has then to be an el-
ement of sl(dγ ,C)\{ωµν [γµ, γν ] : ωµν ∈ R}. This set
obviously does not form an algebra any more (except for
d = 3, dγ = 2), and hence the construction of a mean-
ingful integral for δS(f) is an open problem.
Summing up we found, that if one insists on integrat-
ing over Dirac matrices in terms of a vielbein, it will be
difficult to define a meaningful remaining quantity, nec-
essary to cover all possible Dirac matrices. Either the
remaining quantity, will be a spacetime dependent repre-
sentation of an object which most likely will not form a
group, leading to a complicated construction of the cor-
responding path integral. Or one already needs a revised
and presumably inconvenient way of assigning a vielbein
fluctuation to the Dirac matrix fluctuation.
Appendix C: Minimal spin-base group
In this section we will show, that SL(dγ ,C) is the
unique group14 SBmin ≤ GL(dγ ,C) satisfying
(i) ∀γµ, γ′µ compatible with the Clifford algebra
∃S ∈ SBmin : γ′µ =
{ SγµS−1 , d even
±SγµS−1 , d odd ,
(C1)
(ii) ∀γµ compatible with the Clifford algebra, it holds∣∣{S ∈ SBmin : SγµS−1 = γµ}∣∣
= min
SBtest ≤ GL(dγ , C)
compatible with (i)
∣∣{S ∈ SBtest : SγµS−1 = γµ}∣∣ ,
(C2)
where we denote the cardinality of a set S with |S|.
The existence of a group satisfying (i) is guaranteed by
the Clifford algebra and is independent of the metric [35].
In addition condition (ii) is independent of the actual
choice of the Dirac matrices, i.e. if it is satisfied for a
specific set γµ compatible with the Clifford algebra, then
it is satisfied for any. This follows from Schur’s lemma15
and SγµS−1 = γµ ⇔ S = 1dγ (trS) · I for S ∈ GL(dγ ,C).
Now let us construct the group SBmin. We start by
observing that every element of GL(dγ ,C) can be writ-
ten as eM for some M ∈ Mat(dγ × dγ ,C). Next we can
split M into its trace part 1dγ (trM) · I and the trace-
less part Mˆ = M − 1dγ (trM) · I. Since the trace part
is proportional to the identity matrix it commutes with
every element of Mat(dγ × dγ ,C). Therefore the trace
14 In fact we are dealing with the fundamental representation of
SL(dγ ,C) and not the group itself. But we will keep this termi-
nology in the following for simplicity. By fundamental represen-
tation we mean the defining matrix representation of SL(dγ ,C),
which is {S ∈ Mat(dγ × dγ ,C) : detS = 1} together with the
matrix multiplication as the group law.
15 Schur’s lemma basically says that a matrix M ∈ Mat(dγ×dγ ,C)
which commutes with every base element is proportional to the
identity matrix. Since we can construct a basis inMat(dγ×dγ ,C)
from the γµ1...µn it suffices ifM commutes with the γµ, as it then
obviously also commutes with the γµ1...µn .
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part is trivial for the similarity transformations. By the
use of Jacobi’s formula we find det eMˆ = 1, leading us to
SBmin ≤ SL(dγ ,C).
If we calculate the set of trivial elements (condition
(ii)) for SL(dγ ,C), we find
{S ∈ SL(dγ ,C) : SγµS−1 = γµ} = Cen
(
SL(dγ ,C)
)
,
(C3)
where Cen
(
SL(dγ ,C)
)
=
{
e
i 2pi
dγ
n · I : n ∈ {0, . . . , dγ −
1}} is the center of SL(dγ ,C) and has finite cardinality∣∣Cen (SL(dγ ,C))∣∣ = dγ .
In order to determine which elements of SL(dγ ,C) we
definitely need, we use condition (i). Let us consider two
different transformations S1,S2 ∈ SL(dγ ,C) connecting a
given pair γµ, γ
′
µ compatible with the Clifford algebra. It
turns out that they have to be related by a center element
S1γµS−11 = γ′µ = S2γµS−12 ⇒ [S−12 S1, γµ] = 0. (C4)
With this observation we can define an equivalence re-
lation ∼, S1 ∼ S2 iff ∃C ∈ Cen
(
SL(dγ ,C)
)
so that
S1 = CS2. For a given γµ every equivalence class gen-
erates a different γ′µ, and we already know that all γ
′
µ are
generated in this way.
In the next step we will show that the center gets gen-
erated by a specific equivalence class. Since we need
at least one representative of each equivalence class the
whole SL(dγ ,C) gets generated as well by applying the
generated center elements to the representatives of the
equivalence classes.
Let us define the matrix M as
M = i
2π
dγ
I− i2πA, (C5)
where A can be any matrix satisfying
A2 = A, trA = 1. (C6)
One such A is the matrix with a 1 in the upper left corner
and 0 everywhere else. The matrix M is by construction
traceless and satisfies
eM = e
i 2pi
dγ · I, (C7)
i.e. it generates the center of SL(dγ ,C) and belongs to the
equivalence class of the identity element. This relation
can be verified by observing
ea·A = I +
∞∑
n=1
an
n!
A = I + (ea − 1)A, a ∈ C. (C8)
Next we calculate
e
1
dγ
M
= e
i 2pi
d2γ I + e
i 2pi
d2γ (e
−i 2pi
dγ − 1)A. (C9)
The determinant of this matrix is equal to 1 and ad-
ditionally it is not proportional to the identity matrix
and therefore is a nontrivial spin-base transformation,
i.e. it belongs to a non-trivial equivalence class. Hence,
there has to be at least one n ∈ {0, . . . , dγ − 1}, so that
e
i 2pi
dγ
n
e
1
dγ
M ∈ SBmin. Because SBmin is supposed to be
a group, it has to be closed under the group law. This
implies that also (e
i 2pi
dγ
n
e
1
dγ
M
)dγ has to be an element of
SBmin, as dγ is an integer. By calculating
(e
i 2pi
dγ
n
e
1
dγ
M
)dγ = eM = e
i 2pi
dγ · I (C10)
we see that e
i 2pi
dγ · I ∈ SBmin, implying that the whole
center gets generated. Therefore we have SL(dγ ,C) ≤
SBmin. With this finding we conclude that SBmin =
SL(dγ ,C).
Appendix D: Special relations for the Dirac matrices
– Part I
In order to proof the uniqueness of Γˆµ and give the
explicit expressions Eq. (97), (98) and (99) we will need
some identities for the Dirac matrices. Let us introduce
the shorthands
(Anm)
µ1...µn
ν1...νm =
1
dγ
tr(γµ1...µnγν1...νm), (D1)
(An,km,r)
µ1...µn
ν1...νm = (A
n−1
m−1)
µ1...µk−1µk+1...µn
ν1...νr−1νr+1...νm . (D2)
Some of these (Anm) are easily calculated directly from
their definition Eq. (D1)
(A00) = 1, (D3)
(An0 )
µ1...µn = 0, n > 0, d even, (D4)
(A2n0 )
µ1...µ2n = 0, n > 0, d odd, (D5)
(A11)
µ
ν = δ
µ
ν , (D6)
(An1 )
µ1...µn
ν = 0, n > 1, d even, (D7)
(A2n2 )
µ1...µ2n
ν1ν2 = 0, n > 1, d odd, (D8)
(A2n−11 )
µ1...µ2n−1
ν = 0, n > 1, d odd. (D9)
The identities to be proven are[
[γµ1...µn , γν ], γν
]
= 2
(
(1− (−1)n)d+ (−1)n2n)γµ1...µn ,
(D10)
and the traces of the base elements for even dimensions
with n,m ∈ {1, . . . , d}
(Anm)
µ1...µn
ν1...νm = (−1)
n(n−1)
2 n! δnmδA
µ1...µn
ν1...νn (D11)
as well as the traces of the base elements for odd dimen-
sions with n,m ∈ {0, . . . , d−12 }
(A2n2m)
µ1...µ2n
ν1...ν2m = (−1)n (2n)! δnmδAµ1...µ2nν1...ν2n , (D12)
(A2n+12m+1)
µ1...µ2n+1
ν1...ν2m+1 = (−1)n (2n+ 1)! δnmδAµ1...µ2n+1ν1...ν2n+1 .
(D13)
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Here δA
ν1...νm
µ1...µm denotes the normalized and antisym-
metrized Kronecker delta. As a first step we rewrite the
Clifford algebra as
γνγ
µ = −γµγν + 2δµν I (D14)
to find that for n ∈ N∗16
γνγ
µ1 . . .γµnγν = −γµ1γνγµ2 . . .γµnγν + 2γµ2 . . .γµnγµ1 .
(D15)
Now we can iterate this process n times to get
γνγ
µ1 . . .γµnγν
=(−1)nγµ1 . . .γµnγνγν
− 2
n∑
l=1
(−1)lγµ1 . . .γµl−1γµl+1 . . .γµnγµl
=(−1)n d γµ1 . . .γµn
− 2
n∑
l=1
(−1)lγµ1 . . .γµl−1γµl+1 . . .γµnγµl . (D16)
With this equation we can infer
γνγ
µ1...µnγν=(−1)ndγµ1...µn− 2
n∑
l=1
(−1)lγµ1...µn(−1)n−l
= (−1)n(d− 2n)γµ1...µn , (D17)
and from there we deduce the first of two necessary re-
sults to give an explicit expression of Γˆµ[
[γµ1...µn , γν ], γν
]
= 2
(
(1 − (−1)n)d+ (−1)n2n)γµ1...µn .
(D18)
Note that we did not assume d to be even, this result
holds in any integer dimension d ≥ 2.
The second result is concerning the trace of two ba-
sis elements γµ1...µn in even dimensions and γµ1...µ2n or
γµ1...µ2n+1 in odd dimensions.
At first we leave d without restrictions and look at
n,m ∈ N∗
1
dγ
tr(γµ1 . . . γµnγν1 . . . γνm)
=− 1
dγ
tr(γµ1 . . . γµn−1γν1γ
µnγν2 . . . γνm)
+
2
dγ
δµnν1 tr(γ
µ1 . . . γµn−1γν2 . . . γνm). (D19)
This time it is a little more difficult to iterate and anti-
symmetrize the indices in Eq. (D19). For the first term
we get after iterating
(−1)m
dγ
tr(γµnγµ1 . . . γµn−1γν1 . . . γνm), (D20)
16 We denote the natural numbers including zero with N0 and the
natural numbers excluding zero with N∗ = N0\{0}.
and after antisymmetrization
−(−1)n+m(Anm)µ1...µnν1...νm . (D21)
The iterated second term becomes
− 2
dγ
m∑
l=1
(−1)lδµnνl tr(γµ1 . . .γµn−1
× γν1 . . .γνl−1γνl+1 . . .γνm).
(D22)
If we now perform the antisymmetrization we can split
it into the antisymmetrization of the indices inside the
trace and the indices outside the trace to reach
− 2
nm
m∑
l=1
n∑
k=1
m∑
r=1
(−1)n+k+rδµkνr (An,km,r)µ1...µnν1...νm . (D23)
Plugging this into Eq. (D19) we find
(Anm)
µ1...µn
ν1...νm
=− (−1)n+m(Anm)µ1...µnν1...νm
−
n∑
k=1
m∑
r=1
2(−1)n+k+r
n
δµkνr (A
n,k
m,r)
µ1...µn
ν1...νm . (D24)
Because the even and the odd dimensional case are con-
ceptually a little different we will discuss them separately
now starting with the even dimensional one.
It is obvious that
(Anm)
µ1...µn
ν1...νm = 0, (n+m) odd, (D25)
since the trace then contains an odd number of Dirac
matrices and hence always vanishes in even dimensions.
Therefore we can restrict ourselves to the case where (n+
m) is even. In this case we conclude from Eq. (D24)
(Anm)
µ1...µn
ν1...νm = −
n∑
k=1
m∑
r=1
(−1)n+k+r
n
δµkνr (A
n,k
m,r)
µ1...µn
ν1...νm .
(D26)
Therefore the (Anm) are directly proportional to the
(An−1m−1). Via iteration and the conditions Eq. (D7) we
find that
(Anm) = 0, n 6= m. (D27)
For n = m we get the recursion relation
(Ann)
µ1...µn
ν1...νn = −n(−1)nδ
[µ1
[ν1
(An−1n−1)
µ2...µn]
ν2...νn]
(D28)
with the initial condition
(A11)
µ
ν = δ
µ
ν . (D29)
This relation can easily be solved explicitly and we find
(Ann) = (−1)
n(n−1)
2 n! δA
µ1...µn
ν1...νn , (D30)
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where δA
µ1...µn
ν1...νn is the normalized and antisymmetrized
Kronecker delta. Together with Eq. (D27) this proves
Eq. (D11)
(Anm)
µ1...µn
ν1...νm = (−1)
n(n−1)
2 n! δnmδA
µ1...µn
ν1...νn . (D31)
To show the last relation we restrict ourselves to odd
dimensions. Therefore we can shift n→ 2n and m→ 2m
in Eq. (D24) and find
(A2n2m)
µ1...µ2n
ν1...ν2m = −
2n∑
k=1
2m∑
r=1
(−1)k+r
2n
δµkνr (A
2n,k
2m,r)
µ1...µ2n
ν1...ν2m .
(D32)
Again we find a directly proportional relation from (A2n2m)
to (A2n−12m−1). Note that (A
2n−1
2m−1) are not the traces we are
looking for since they have an odd number of upper and
an odd number of lower indices. But we can further relate
the (A2n−12m−1) directly proportional to (A
2(n−1)
2(m−1)) because
Eq. (D24) is true for all n,m ∈ N∗ and (2n− 1+2m− 1)
is an even number. Therefore we deduce a direct pro-
portionality between (A2n2m) and (A
2(n−1)
2(m−1)) and with the
iteration of that and the conditions Eq. (D8) and (D9)
we get
(A2n2m) = (A
2n+1
2m+1) = 0, n 6= m. (D33)
Here we note that Eq. (D30) uses only n = m in
Eq. (D24) and the initial condition Eq. (D6), with both
of them valid in even and odd dimensions. Therefore
Eq. (D30) is also valid odd dimensions. Hence, we easily
conclude
(A2n2n)
µ1...µ2n
ν1...ν2n = (−1)n (2n)! δAµ1...µ2nν1...ν2n , (D34)
(A2n+12n+1)
µ1...µ2n+1
ν1...ν2n+1 = (−1)n (2n+ 1)! δAµ1...µ2n+1ν1...ν2n+1 . (D35)
The last two relations prove Eq. (D12) and (D13)
(A2n2m)
µ1...µ2n
ν1...ν2m = (−1)n (2n)! δnmδAµ1...µ2nν1...ν2n ,
(D36)
(A2n+12m+1)
µ1...µ2n+1
ν1...ν2m+1 = (−1)n (2n+ 1)! δnmδAµ1...µ2n+1ν1...ν2n+1 .
(D37)
Appendix E: Special relations for the Dirac matrices
– Part II
For the explicit implementation of some conditions
concerning the spin torsion ∆Γµ we need more identi-
ties for the γµ. We have to prove
γ¯µ1...µn = (−1)
n(n+1)
2 γµ1...µn , (E1)
[γµ, γ
ρ1...ρ2n ] = 4nδ[ρ1µ γ
ρ2...ρ2n], (E2)
{γµ, γρ1...ρ2n+1} = 2(2n+ 1)δ[ρ1µ γρ2...ρ2n+1], (E3)
where n ∈ N0 is arbitrary. Additionally we need
1
dγ
tr([γν1...ν2m , γ
ρ1...ρ2n−1 ]γµ)
= (−1)n−1 · 2 · (2n)! · gµ[ν1δAρ1...ρ2n−1ν2...ν2n] · δ
n
m, (E4)
where n,m ∈ N∗. The last important identity reads
1
dγ
tr([γρ1...ρn , γλ1...λm ]γµν)
= −4 · n · n! · (−1)n(n−1)2 · δ[ρ1[µ gν][λ1δA
ρ2...ρn]
λ2...λn]
· δnm,
(E5)
where (n+m) has to be even and n,m ∈ N∗, i.e. either
both have to be even or both have to be odd.
The proof of the first three identities is rather simple.
First we use that γ¯µ = h
−1γ†µh = −γµ to show
h−1(γµ1 . . . γµn)
†h = h−1γ†µn . . . γ
†
µ1h = (−1)nγµn . . . γµ1 .
(E6)
Next we antisymmetrize the indices on both sides to
prove the first identity
γ¯µ1...µn = (−1)n(−1)
n−1∑
l=1
l
γµ1...µn = (−1)
n(n+1)
2 γµ1...µn .
(E7)
The second proof follows a similar track, we start with
γµγ
ρ1 . . . γρ2n = 2δρ1µ γ
ρ2 . . . γρ2n − γρ1γµγρ2 . . . γρ2n .
(E8)
Again we iterate 2n times
γµγ
ρ1 . . . γρ2n =2
2n∑
l=1
(−1)l−1δρlµ γρ1 . . . γρl−1γρl+1 . . . γρ2n
+ γρ1 . . . γρ2nγµ. (E9)
If we now also antisymmetrize the indices we can read off
γµγ
ρ1...ρ2n =2
2n∑
l=1
δ[ρ1µ γ
ρ2...ρ2n] + γρ1...ρ2nγµ (E10)
=4nδ[ρ1µ γ
ρ2...ρ2n] + γρ1...ρ2nγµ. (E11)
The last relation proves the identity. In order to show
the third statement we perform analogous steps
γµγ
ρ1...ρ2n+1 =2
2n+1∑
l=1
δ[ρ1µ γ
ρ2...ρ2n+1] − γρ1...ρ2n+1γµ
(E12)
=2(2n+ 1)δ[ρ1µ γ
ρ2...ρ2n+1] − γρ1...ρ2n+1γµ.
(E13)
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With the identities Eqs. (D11) and (D13) from App. D
it is straightforward to calculate
1
dγ
tr([γν1...ν2m , γ
ρ1...ρ2n−1 ]γµ)
=
1
dγ
tr([γµ, γν1...ν2m ]γ
ρ1...ρ2n−1)
=
4m
dγ
gµ[ν1 tr(γν2...ν2m]γ
ρ1...ρ2n−1)
= (−1)n−1 · 2 · (2n)! · gµ[ν1δAρ1...ρ2n−1ν2...ν2n] · δ
n
m, (E14)
which proves the fourth identity.
Now we are left with the proof of the last identity.
Which is only true for (n + m) even and n,m ∈ N∗.
Employing our usual trick we get
1
dγ
tr(γρ1...ρnγλ1...λmγµν)
=nδ[ρ1ν
1
dγ
tr(γρ2...ρn]γλ1...λmγµ)
+m(−1)ngν[λ1
1
dγ
tr(γλ2...λm]γµγ
ρ1...ρn) (E15)
and
1
dγ
tr(γλ1...λmγ
ρ1...ρnγµν)
=mgν[λ1
1
dγ
tr(γλ2...λm]γ
ρ1...ρnγµ)
+ n(−1)mδ[ρ1ν
1
dγ
tr(γρ2...ρn]γµγλ1...λm). (E16)
There are two distinct cases, n,m even and n,m odd.
Starting with n,m even we shift n → 2l and m → 2k
and find
1
dγ
tr([γρ1...ρ2l , γλ1...λ2k ]γµν)
=2lδ[ρ1ν
1
dγ
tr([γρ2...ρ2l], γλ1...λ2k ]γµ)
− 2kgν[λ1
1
dγ
tr([γλ2...λ2k], γ
ρ1...ρ2l ]γµ)
=− 4 · 2l · (2l)! · (−1) 2l(2l−1)2 ·δ[ρ1[µ gν][λ1δA
ρ2...ρ2l]
λ2...λ2l]
· δlk.
(E17)
This gives us the relation Eq. (E5) for n,m even. On the
other hand we now can take n,m odd and therefore shift
n→ 2l− 1 and m→ 2k− 1. Now the commutator reads
1
dγ
tr([γρ1...ρ2l−1 , γλ1...λ2k−1 ]γµν)
=(2l − 1)δ[ρ1ν
1
dγ
tr(γρ2...ρ2l−1]{γλ1...λ2k−1 , γµ})
− (2k − 1)gν[λ1
1
dγ
tr(γλ2...λ2k−1 ]{γρ1...ρ2l−1 , γµ})
=− 4 · (2l − 1) · (2l − 1)! · (−1) (2l−1)((2l−1)−1)2
× δ[ρ1[µ gν][λ1δA
ρ2...ρ2l−1]
λ2...λ2l−1]
· δlk, (E18)
proving the last identity for n,m odd.
Appendix F: Existence and uniqueness of the spin
connection
In this appendix we prove the existence and the unique-
ness of the spin connection Γˆµ implicitly defined as
∂µγ
ν +
{
ν
µρ
}
γρ = −[Γˆµ, γν ], tr Γˆµ = 0. (F1)
We follow the idea of Weldon in [24] to prove the exis-
tence. First we expand the γµ and the metric around
some arbitrary spacetime point x
γν(x+ dx) ≃ γµ(x) + dxµ∂µγν(x), (F2)
gνλ(x+ dx) ≃ gνλ(x) + dxµ∂µgνλ(x). (F3)
Next we plug the variations of the metric and the Dirac
matrices into the Weldon theorem to get
dxµ∂µγ
ν =
1
2
dxµ(∂µg
νλ)γλ + [δSγ , γ
ν ]. (F4)
Since this equation has to be fulfilled for all infinitesi-
mal changes of the coordinates dxµ, we can also expand
δSγ = dxµ(Sγ)µ, where the (Sγ)µ are specified by the
explicit choice γµ(x) (as a function of spacetime) and
will therefore transform non homogeneously under coor-
dinate transformations, i.e. spacetime coordinate as well
as spin-base transformations.
Additionally we employ the metric compatibility of the
Christoffel symbol
∂µg
νλ = −
{
ν
µρ
}
gρλ −
{
λ
µρ
}
gρν (F5)
to conclude
∂µγ
ν +
{
ν
µρ
}
γρ = −
[
1
8
{
α
µρ
}
gρβ [γα, γβ ]− (Sγ)µ, γν
]
,
(F6)
where we took advantage of the identity[
[γα, γβ], γ
ν
]
= 4δνβγα − 4δναγβ . (F7)
This means that ∂µγ
ν+
{
ν
µρ
}
γρ can be written as a com-
mutator. Furthermore at least one Γˆµ fulfilling Eq. (F1)
exists.
Since we know that there exists a solution to Eq. (F1),
we can expand Γˆµ with the basis elements from Eq. (18)
and (40)
Γˆµ =
d∑
n=1
mˆµρ1...ρnγ
ρ1...ρn , d even, (F8)
Γˆµ =
d−1
2∑
n=1
mˆµρ1...ρ2nγ
ρ1...ρ2n , d odd. (F9)
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From Eq. (F1) we infer by calculating the commutator
with γν [
[Γˆµ, γ
ν], γν
]
= −[(D(LC)µγν), γν ]. (F10)
Plugging in our ansatz for Γˆµ and using the identity
Eq. (D10) from chapter D we get for the left hand side
in the even dimensional case
[
[Γˆµ, γ
ν ], γν
]
=
d∑
n=1
2
(
(1− (−1)n)d+ (−1)n2n)mˆµρ1...ρnγρ1...ρn
(F11)
and in the odd dimensional case
[
[Γˆµ, γ
ν ], γν
]
=
d−1
2∑
n=1
8n mˆµρ1...ρ2nγ
ρ1...ρ2n . (F12)
The right hand side can be expanded into the basis from
Eq. (18) as well
−[(D(LC)µγν), γν ] =
d∑
n=1
aˆµρ1...ρnγ
ρ1...ρn , d even,
(F13)
−[(D(LC)µγν), γν ] =
d−1
2∑
n=1
aˆµρ1...ρ2nγ
ρ1...ρ2n , d odd.
(F14)
The coefficients aˆµρ1...ρn or respectively aˆµρ1...ρ2n can
be calculated employing the orthogonality of the trace
Eq. (D11) and (D12)
aˆµρ1...ρn = −
(−1)n(n−1)2
n! dγ
tr
(
γρ1...ρn [D(LC)µγ
ν , γν ]
)
,
(F15)
aˆµρ1...ρ2n = −
(−1)n
(2n)! dγ
tr
(
γρ1...ρ2n [D(LC)µγ
ν , γν ]
)
.
(F16)
Since the γρ1...ρn or respectively the γρ1...ρ2n form a basis
we are allowed to compare the coefficients and find
mˆµρ1...ρn =
aˆµρ1...ρn
2
(
(1 − (−1)n)d+ (−1)n2n) , d even,
(F17)
mˆµρ1...ρ2n =
aˆµρ1...ρ2n
8n
, d odd. (F18)
With the last equations we have shown the uniqueness
and have given an explicit expression for Γˆµ in terms of
the γµ and their first derivatives.
Appendix G: Spin metric
The spin metric is an important quantity in our inves-
tigations. We found that it is restricted to satisfy
(i) γ†µ = −hγµh−1,
(ii) |deth| = 1,
(iii) h† = −h.
(G1)
In [25] it was already shown that these conditions are
sufficient to determine (up to a sign) the spin metric h in
terms of the Dirac matrices γµ in 4 spacetime dimensions.
The way this proof was done is actually true for all even
dimensions. And we will see that with minor modifica-
tions this proof also generalizes to all integer dimensions
d ≥ 2.
In order to be self consistent we give the full proof
again. As a first step we show the uniqueness (up to
a sign) of the spin metric. Let us assume that there
is at least one spin metric h1, which satisfies all three
conditions. Then we know, if there is another spin metric
h2, they must be related via
[h−12 h1, γµ] = 0, (G2)
because both spin metrics have to fulfill
h2γµh
−1
2 = −γ†µ = h1γµh−11 . (G3)
Therefore, using Schur’s Lemma,
h2 = zh1, z ∈ C, (G4)
has to hold. With (ii), it follows that
|z| = 1. (G5)
But if both spin metrics satisfy the condition (iii), then
z∗h1 = −z∗h†1 = −h†2 = h2 = zh1 (G6)
has to hold. Therefore both spin metrics have to be iden-
tical up to a sign,
h2 = ±h1. (G7)
This demonstrates the uniqueness (up to a sign) of the
spin metric.
Now we only need to prove the existence of one such
spin metric h. For this, we first introduce the Matrix Mˆ
satisfying
γ†µ = −eMˆγµe−Mˆ , tr Mˆ = 0. (G8)
The existence of such a matrix in every dimension is guar-
anteed by the Clifford algebra and our sign conventions.
In even dimensions the existence is obvious since γ†µ and
−γµ satisfy the Clifford algebra and therefore there must
exist a connecting similarity transformation. For odd
dimensions we use that the hermitean conjugation can
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change the connected component of the representation
of the Clifford algebra depending on the signature of the
metric. According to [35] the number of “+” signs in
the signature tells us whether the connected component
is changed or not. For an even number of plus signs
the connected component is changed, whereas for an odd
number it is not. In our case we have d − 1 plus signs
in the signature, i.e. for d odd we have an even num-
ber leading to a change of the connected component and
therefore we need the minus sign in Eq. (G8). The trace
of Mˆ can always be set to zero, because the trace part
commutes with all matrices and therefore drops out of
Eq. (G8).
The hermitean conjugate of Eq. (G8) is
γµ = −e−Mˆ
†
γ†µe
Mˆ† . (G9)
Therefore, also
eMˆγµe
−Mˆ = −γ†µ = eMˆ
†
γµe
−Mˆ† (G10)
has to hold. Schur’s Lemma again implies there exists a
ϕ such that
eMˆ
†
= eiϕeMˆ , ϕ ∈ R. (G11)
This equation fixes eiϕ once we have chosen a specific
Mˆ . Now we also know, that det eMˆ = 1 and therefore
the same has to hold for det eMˆ
†
= 1. From this, we
conclude that ϕ is limited to
ϕ ∈
{
n
2π
dγ
: n ∈ {0, . . . , dγ − 1}
}
. (G12)
The desired spin metric h is then given by
h = iei
ϕ
2 eMˆ . (G13)
It is straightforward to show, that this metric satisfies (i)
- (iii).
It is helpful to note that the determinant of the spin
metric is also fixed and even independent of the set of
Dirac matrices. To show this we just use that dγ is even
for d ≥ 2 and therefore the sign ambiguity of the spin
metric is not important for the determinant and addi-
tionally the determinant of a spin-base transformation
S ∈ SL(dγ ,C) is equal to one. With our previous inves-
tigations there are only two possibilities, namely
deth = ±1. (G14)
Since we always can choose local inertial coordinates in
an arbitrary point x of the manifold it is sufficient to
calculate the determinant in this frame with a special
chosen set of Dirac matrices compatible with the Clif-
ford algebra. Hence, we can take a representation which
fulfills17
γ0(x)
† = −γ0(x), γi(x)† = γi(x), i ∈ {1, . . . , d− 1}.
(G15)
In such a representation the spin metric at the spacetime
point x is given by ±γ0(x) since
γ†0(x)= −γ0(x) = −γ0(x)γ0(x)
(
γ0(x)
)−1
, (G16)
γ†i (x)= γi(x) = −γ0(x)γi(x)
(
γ0(x)
)−1
, i∈{1, . . . , d− 1},
(G17)
det γ0(x)= det e
pi
2 γ0(x) = etr
pi
2 γ0(x) = 1. (G18)
With this special choice we prove the general relation
deth = 1. (G19)
We continue with implementing the spin metric compat-
ibility as expressed in Eq. (95). This tells us that
Γµ + Γ¯µ = h
−1∂µh (G20)
has to hold. Taking into account that (cf. Eq. (96))
−D(LC)µhγνh−1=D(LC)µγν†=(D(LC)µγν)†= −[Γˆµ, γν ]†,
(G21)
we arrive at [
h−1(∂µh)− Γˆµ − ¯ˆΓµ, γν
]
= 0. (G22)
Because tr Γˆµ = 0, this implies
Γˆµ +
¯ˆ
Γµ = h
−1∂µh− 1
dγ
tr(h−1∂µh) I. (G23)
Now we use det h = 1 to deduce
0 = ∂µ deth = ∂µe
tr lnh = ∂µ tr(ln h) = tr(h
−1∂µh).
(G24)
This leaves us with
Γµ + Γ¯µ = h
−1∂µh = Γˆµ +
¯ˆ
Γµ, (G25)
which implies that
Re tr Γµ = 0. (G26)
These two identities are used in Sect. IV to constrain spin
torsion.
17 An explicit example is γ0(x) = iσ1(⊗σ0)
⌊ d
2
⌋−1, γ1(x) =
σ2(⊗σ0)
⌊ d
2
⌋−1, γ2j (x) = (σ3⊗)
jσ1(⊗σ0)
⌊ d
2
⌋−1−j , γ2j+1(x) =
(σ3⊗)jσ2(⊗σ0)
⌊ d
2
⌋−1−j , j ∈ {1, . . . , ⌊ d
2
⌋ − 1} and for odd di-
mensions we additionally need γd−1(x) = σ3(⊗σ3)
⌊ d
2
⌋−1.
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